y=x' Ax

VS.

y = ax?

Quadratic Functions

Positive definite A = 0

Positive ¢« > 0



Positive Semidefinite Matrix A = 0

A is a positive semidefinite
matrix if and only if

x Ax >0

for any vector x € R".

Example:




Positive Definite Matrix A = 0

A is a positive definite
matrix if and only if

' Az >0
80

for any nonzero vector
x € R". 8 60

8 40

Example:
amp 20




Positive Definite Matrix A = [5 2]

Eigenvalue decomposition:
A = \Muu] + dugu,
with eigenvalues:
A1 =583 A =0.17

and eigenvectors:

~ [0.92 ~ [-038
=138 “27 0092

© 00 N O O~ W N =

21

import numpy as np

A = np.array([[5, 2], [2, 1]1)
eig_val, eig_vec = np.linalg.eig(A)
print ( , eig_vall[0])
print ( , eig_vall[1])
print ( , eig_vec[:, 0])
print ( , eig_vecl[:, 11)



Ellipsoid Representation

Representing positive definite matrices as ellipsoids:

Ex={x|x A 'z <1}  (centered at the origin)



Ellipsoid Representation

Representing positive definite matrices as ellipsoids:

Ex={x|x A 'z <1}  (centered at the origin)

Inverse of eigenvalue decomposition:

A= )\1U1’U;1r + )\Q’U,Q'U;QT

’U,l’ulir ’U,Q’U,;—
= +

Afl
= " .




Ellipsoid Representation

Representing positive definite matrices as ellipsoids:

Ex={x|x A 'z <1}  (centered at the origin)

Inverse of eigenvalue decomposition:

A= >\1U1U1r + )\Q’LLQ'LLQT

’U,l’ulir ’U,Q’U,;—
= +

Afl
= " .

Geometric interpretation of £4:

T 2 T 2
we) (2 L glipsel

TAfl _
xr T )\1 )\2 <




Ellipse £4 = {z |2 A 'z < 1}

" A1 =5H.83




Positive Definite Matrix B = {

Eigenvalue decomposition:
B = \uu] + Musuy
with eigenvalues:
A =11 X =1

and eigenvectors:

_ [0.95 _ [-0.32
1 ="1032] “27 | 0095
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import numpy as np

B = np.array([[10, 3], [3, 211)
eig_val, eig_vec = np.linalg.eig(B)
print ( , eig_vall[0])
print ( , eig_vall[1])
print ( , eig_vec[:, 0])
print ( , eig_vecl[:, 11)



Ellipse &g = {x | 2B 'z < 1}

Y A =11
Ao =1
3” 2
\\\2" SB Vg
Vigu, -
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Positive Semidefinite Ordering

Y
Ea C &R




Positive Semidefinite Ordering

Eqa CE&p ifandonlyif B-A>0 & B A

N———’
positive semidefinite matrix



03] [52] [51
B_A_[s 2}_{2 1]:{1 1}i0 = Bz 4




Matrix Monotone Function f(A) = A"/

Ellipse representation:

Eqre = {az |z (A e < 1}




Matrix Monotone Function f(A) = A"/

y A1 =5H.83




Matrix Monotone Function f(B) = B'/*

AN =11
A =1
3” 2
\\\\2’ gB1/2
\4/)\_2’&2 ' /,,/’
/\47)\_111:1
—4 -3 =1 2 3 4
91




Positive Semidefinite Ordering B'/* ~ A'/”

Y
gAl/Q g gBl/Q

2 5B1/2




Positive Semidefinite Ordering B” = A’ for0 <p <1

y
p=10.10
3,,
9 E
Ear B
1 3 2 \4 9 3 4 )
_2,,
_3,,




Positive Semidefinite Ordering B” = A’ for0 <p <1

p=10.25




Positive Semidefinite Ordering B” = A" for0 <p <1

p = 0.50




Positive Semidefinite Ordering B” = A" for0 <p <1

p=0.75




How about B” = A” (p > 1)?

A special case:

9 2

A:[21

| oo e[t

3 2



B>-A = E4C¢&p




B > A, but gAP SZ ng

y
p=1.25




B > A, but gAP SZ ng

)

p = 1.50




For any matrix monotone function f(-), it always holds that

B-A-0 = [f(B)x=f(A)

Forinstance, B? = AP for0 < p < 1.



Thanks for your attention!

About me:
A Homepage: https://xinychen.github.io
N How to reach me: chenxy3460gmail .com


https://xinychen.github.io
chenxy346@gmail.com

