Decision variable

Quadratic Optimization

)

(e
L/

|
=}
ot

1

215 -1 —05 0 05 1 15
Decision variable

min %wTAa: bz with A= [

Obijective function f(x)

4 1




Quadratic Optimization

For any symmetric positive definite matrix A and vector b:

1 d
min -z Ax —b'x = —f:Aw—bzo = Ax=0b
zcR2 2 dx S~——

J/

~ Linear system
Objective function f First-order derivative









Equivalent Linear System Ax = b




Update Equations

Essential idea: Conjugate gradient solves linear system Ax = b iteratively.
O x is updated by

Ti41 = T + g, dy,
~—~
step size (unknown)
with initial point x.

® d, is the search direction:

dit1 = T4 + B d;,
~—~—

residual  coefficient (unknown)



® How to write down the update of residual r;,?
Thy1 = Ty + apdy,
= A:Bk+1 = Ax;, + o, Ady,
= b-— Awk+1 =b-— Awk — OékAdk



® How to write down the update of residual r;,?
Thy1 = Ty + apdy,
= Awk+1 = Ax;, + o, Ady,
= b-— Awk+1 =b-— Awk — OékAdk

= The1 = T — apAdy



To summarize, we have the following update equations to solve Ax — b

Tyl = T + apdy (decision variables)
Tii1 = Tp — apAdg (residuals)

di.1 =7r + Bed  (search direction)

/\ But how to write down the update equations of «, and 5,7

Orthogonal residuals + Conjugate search directions (A-orthogonality)

rioare=0 and d}, Ad, =0

for any iterations k and k£ + 1.



® Orthogonal Residuals 7} 7441 = 0:

Ty

Ty (’I"k Q. k) (073 TEAdk

=Tk+1




® Orthogonal Residuals 7} 7441 = 0:

Ty

Py — o Ady) =0 = o= A
’l"k (’I"k Q. k) (073 ’r’;Adk

=Tk+1
o Denominator:

ryAdy = (dy — fi1dy1) Ady = dj Ady — B dy_ Ady, = d; Ad,,

derived from the update equation of search direction =0 (conjugate)

o Update equation of step size ay:

T;Tk

ar — TETE
"7 d] Ady,



® Conjugate search directions d;, ; Adj, = 0:

’I“T Adk
Pesr + Oedp) TAd, =0 = [, =ML
( k:+1_d Bkz k) k Mk d;Adk
=dg41
o Considering
Ad, — Th — That oy — 'rT'kTrk

o Update equation of coefficient 3,:



Conjugate Gradient Method

To summarize, we have the following update equations to solve

rgrk

" 4] Ady,

Qg (step size)

Ty = Tk + opdy (decision variables)

Tl =T — pAdyg (residuals)
T
p r Tk+1 ..
By = EHL 2 (coefficient)
T‘k Tk

div1 =Ty + Brdy (search direction)

with 7o = b — Axy and dy = r( for initialization.



Conjugate Gradient Method
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Conjugate Gradient Method
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Conjugate Gradient Method
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Conjugate Gradient Method
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Conjugate Gradient Method
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Conjugate Gradient Method
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conjugate directions
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Steepest Gradient Descent Method
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Conjugate Directions vs. Orthogonal Directions
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Conjugate Gradient Method for Solving Quadratic Optimization

min %wTA:c bz with
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Thanks for your attention!

About me:
A Homepage: https://xinychen.github.io
¥ How to reach me: chenxy3460gmail .com


https://xinychen.github.io
chenxy346@gmail.com

