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Outline

A quick look:

• Motivation (data, task, and models)

• Traffic data imputation with global/local trend modeling

◦ Traffic flow imputation, speed field reconstruction, and network traffic
state estimation

• Unsupervised pattern discovery from spatiotemporal systems

◦ Time-varying autoregression & tensor factorization
◦ Applications to fluid flow (benchmark), sea surface temperature, USA

climate, NYC taxi, international trade, and Chicago ridesharing
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Motivation

• Spatiotemporal systems & data scenarios

Transportation International trade Climate

Energy Mobility Fluid flow

• Challenges: Sparse data, time-varying system, multidimensional system
(e.g., human mobility)
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Prior Art

• Sequence models: Time series autoregression, LSTM, attention-based
sequence models, etc.

• Machine learning problems:

◦ Imputation/Interpolation: Time series models, sparse learning (e.g.,
matrix/tensor factorization), deep learning (e.g., generative models), etc.

◦ Unsupervised pattern discovery: Dynamic mode decomposition in
dynamical systems, matrix/tensor factorization, etc.

◦ Prediction: Almost deep learning, but depending on scenarios
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Laplacian Convolutional Representation for
Traffic Time Series Imputation

2nd round review at

IEEE Transactions on Knowledge and Data Engineering

Dr. Xinyu Chen Dr. Zhanhong Cheng Prof. HanQin Cai Prof. Nicolas Saunier Prof. Lijun Sun

Materials:

• PDF: https://xinychen.github.io/papers/Laplacian_convolution.pdf

• GitHub: https://github.com/xinychen/transdim (1.1k+ stars)

• Blog:
https://spatiotemporal-data.github.io/posts/laplacian_convolution/

(coming soon)

https://xinychen.github.io/papers/Laplacian_convolution.pdf
https://github.com/xinychen/transdim
https://spatiotemporal-data.github.io/posts/laplacian_convolution/


Traffic Flow Data

• Portland highway traffic data1

Highway network & sensor locations

Traffic volume

Traffic speed

• X ∈ RN×T with N spatial locations × T time steps

• Traffic volume/speed shows strong spatial/temporal dependencies

1
https://portal.its.pdx.edu/home
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Time Series Imputation

Motivation: Traffic imputation

• Global trends (e.g., long-term quasi-seasonality & daily/weekly rhythm):

T 2T 3T 4T 5T 6T 7T

• Local trends (e.g., short-term time series trends):

T 2T 3T 4T 5T 6T 7T

How to characterize both global and local trends in sparse time series?
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Local Trend Modeling

• Intuition of (circulant) Laplacian matrix

x1 x2 x3 x4 x5

Undirected and circulant graph

Modeling
L =


2 −1 0 0 −1
−1 2 −1 0 0
0 −1 2 −1 0
0 0 −1 2 −1
−1 0 0 −1 2


(Circulant) Laplacian matrix

• Define Laplacian kernel:
ℓ ≜ (2,−1, 0, 0,−1)⊤

⇓
ℓ ≜ ( 2τ︸︷︷︸

degree

,−1, · · · ,−1︸ ︷︷ ︸
τ

, 0, · · · , 0,−1, · · · ,−1︸ ︷︷ ︸
τ

)⊤ ∈ RT

for any time series x = (x1, . . . , xT )⊤ ∈ RT .

• (Laplacian) Temporal regularization:

Rτ (x) =
1

2
∥Lx∥22 =

1

2
∥ℓ ⋆ x∥22

Reformulate temporal regularization with circular convolution.

8 / 51



Global Trend Modeling

Circulant matrix C(x) vs. convolution matrix Cτ̃ (x)

Global trends

︸︷︷︸Convolution matrix Cτ̃ (x)

︸ ︷︷ ︸
Circulant matrix C(x)

x1 x2 x3 x4 x5

• Circulant/Convolution nuclear norm minimization

◦ A balance between global and local trends modeling?

CircNNM (Liu’22, Liu & Zhang’23)

Estimating x:

min
x

∥C(x)∥∗
s.t. ∥PΩ(x− y)∥2 ≤ ϵ

on data y w/ observed index set Ω.

ConvNNM (Liu’22, Liu & Zhang’23)

Estimating x:

min
x

∥Cτ̃ (x)∥∗
s.t. ∥PΩ(x− y)∥2 ≤ ϵ

on data y w/ observed index set Ω.
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Global + Local Trends?

Laplacian Convolutional Representation (LCR)

For any partially observed time series y ∈ RT with observed index set Ω, LCR utilizes
circulant matrix and Laplacian kernel to characterize global and local trends in time
series, respectively, i.e.,

min
x

∥C(x)∥∗︸ ︷︷ ︸
global

+
γ

2
∥ℓ ⋆ x∥22︸ ︷︷ ︸
local

s.t. ∥PΩ(x− y)∥2 ≤ ϵ

x1 x2 x3 x4 x5

Time series

Global trends

C(x)

Modeling

Local trends

ℓ ⋆ x

Modeling
∥C(x)∥∗ + γ

2
∥ℓ ⋆ x∥22
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Laplacian Convolutional Representation

• Augmented Lagrangian function:2

L(x,z,w) =∥C(x)∥∗ +
γ

2
∥ℓ ⋆ x∥22 +

λ

2
∥x− z∥22 + ⟨w,x− z⟩+ η

2
∥PΩ(z − y)∥22

• The ADMM scheme:
x := argmin

x
L(x,z,w) (Nuclear norm minimization)

z := argmin
z

L(x,z,w) (Closed-form solution)

w :=w + λ(x− z) (Standard update)

• Optimize x?

∥C(x)∥∗ = ∥F(x)∥1 &
1

2
∥ℓ ⋆ x∥22 =

1

2T
∥F(ℓ) ◦ F(x)∥22

Nuclear norm minimization ⇒ ℓ1-norm minimization with FFT in O(T log T ) time.

2w ∈ RT (Lagrange multiplier); ⟨·, ·⟩ (inner product).
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Laplacian Convolutional Representation

• Optimize x via FFT (in O(T log T ) time):

x := argmin
x

∥C(x)∥∗ +
γ

2
∥ℓ ⋆ x∥22 +

λ

2
∥x− z +w/λ∥22

=⇒ x̂ := argmin
x̂

∥x̂∥1 +
γ

2T
∥ℓ̂ ◦ x̂∥22 +

λ

2T
∥x̂− ẑ + ŵ/λ∥22

where we introduce {ℓ̂, x̂, ẑ, ŵ} ≜ F{ℓ,x,z,w} (i.e., FFT).

ℓ1-norm Minimization in Complex Space (Liu & Zhang’23)

For any optimization problem in the form of ℓ1-norm minimization in complex space:

min
x̂

∥x̂∥1 +
δ

2
∥x̂− ĥ∥22

with complex-valued x̂, ĥ ∈ CT and weight parameter δ, element-wise, the solution is
given by

x̂t :=
ĥt

|ĥt|
·max{0, |ĥt| − 1/δ}, t = 1, . . . , T.
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Laplacian Convolutional Representation

Empirical time complexity

On the synthetic data y ∈ RT with T ∈ {210, 211, . . . , 220}
• Ours: LCR

◦ An FFT implementation in O(T log T )
◦ The logarithmic factor log T makes the FFT highly efficient

• Baseline: ConvNNM (Liu’22, Liu & Zhang’23)

◦ Convolution matrix Cτ̃ (y) ∈ RT×τ̃ with kernel size τ̃ = 24

◦ Singular value thresholding in O(τ̃2T )

210 217 218 219 220

Data length T

0

50

100

Ti
m

e 
(s

)

ConvNNM
LCR

ConvNNM vs. LCR

210 217 218 219 220

Data length T

0

2

4

6

8

Ti
m

e 
(s

)

LCR
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Experiments
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⇒
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• How to utilize the global trends of traffic time series?

• How to produce local consistency of traffic data?
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Experiments
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Plus local time series trends
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CircNNM:

min
x

∥C(x)∥∗

s. t. ∥PΩ(x − y)∥2 ≤ ϵ

LCR:

min
x

∥C(x)∥∗ +
γ

2
∥ℓ ⋆ x∥22

s. t. ∥PΩ(x − y)∥2 ≤ ϵ
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Experiments

• The start data points and end data points are connected?

x1 x2 x3 x4 x5

Undirected and circulant graph

Modeling
L =


2 −1 0 0 −1
−1 2 −1 0 0
0 −1 2 −1 0
0 0 −1 2 −1
−1 0 0 −1 2


(Circulant) Laplacian matrix

• Flipping operation on x ∈ R5:

xnew =

[
x
Jx

]
= (x1, x2, x3, x4, x5,︸ ︷︷ ︸

original time series

x5, x4, x3, x2, x1︸ ︷︷ ︸
flipped time series

)⊤ ∈ R10

where J ∈ R5×5 is the exchange matrix.

• Potential applications: Passenger flow prediction with strong global/local
trends
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Experiments

Speed field reconstruction3

• Flipping operation on a matrix:

Matrix Y

Modeling

Fl
ip

ro
w

s

Flip columns

• Flipping operation on a speed field of vehicular traffic flow:

Original speed field

Modeling

Flipped speed field

3Highway Drone (HighD) dataset at https://www.highd-dataset.com/
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Experiments

Speed field reconstruction4

• Scenario: Mask trajectories of 70% vehicles

• LCR-2D on partially observed Y ∈ RN×T :

min
X

∥C(X)∥∗︸ ︷︷ ︸
global trend

+
γ

2
∥(ℓsℓ⊤) ⋆X∥2F︸ ︷︷ ︸

local trend

s.t. ∥PΩ(X − Y )∥F ≤ ϵ

Sparse speed field

LCR-2D

Reconstructed speed field

Ground-truth speed field

4Highway Drone (HighD) dataset at https://www.highd-dataset.com/
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Contributions

Matrix nuclear norm

(∥X∥∗) minimization

Candès & Recht’09

Singular value

thresholding

Cai et al.’10

Truncated nuclear

norm (∥X∥r,∗, r ∈ Z+)

minimization

Zhang et al.’12

Hu et al.’12

Tensor nuclear norm

(∥X∥∗) minimization

Liu et al.’13

Generalized nonconvex

nonsmooth low-rank

minimization

Lu et al.’14

Tensor nuclear norm

minimization with

linear transform

Lu et al.’19

Low-rank Hankel

matrix/tensor

(Hτ(·)) completion

Yokota et al.’18

Sedighin et al.’20

Cai et al.’21

Yamamoto et al.’22

Circulant/Convolution

nuclear norm

(∥C(x)∥∗ or ∥Cτ̃(x)∥∗)
minimization

Liu’22

Liu & Zhang’23

(Ours) LCR:
✓ Local trend modeling
✓ An FFT implementation
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Vision & Insight
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Highlights:

• Rethinking the importance of
local trend modeling in traffic
data imputation tasks.

• Finding a unified global and local
trend modeling framework whose
optimization can be efficiently
solved by FFT:

min
x

∥C(x)∥∗︸ ︷︷ ︸
global

+
γ

2
∥ℓ ⋆ x∥22︸ ︷︷ ︸

local

s. t. ∥PΩ(x− y)∥2 ≤ ϵ

21 / 51



Vision & Insight

• Uber (hourly) movement speed data5

NYC movement Seattle movement

• {road segment, time slot (hour), average speed}
• Computing hourly speed: Road segments have 5+ unique trips.

• Estimating network-wide traffic states for traffic planning & management.
(Data/model biases/fairness concerns for imputation, interpolation, and

prediction.)

5
https://movement.uber.com/ (not available now)
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Discovering Dynamic Patterns from Spatiotemporal Data
with Time-Varying Low-Rank Autoregression

IEEE Transactions on Knowledge and Data Engineering, 2024

https://doi.org/10.1109/TKDE.2023.3294440

Dr. Xinyu Chen Chengyuan Zhang⋆ Xiaoxu Chen Prof. Nicolas Saunier Prof. Lijun Sun

Materials:

• PDF: https://xinychen.github.io/papers/time_varying_model.pdf

• GitHub: https://github.com/xinychen/vars

• Blog:
https://spatiotemporal-data.github.io/posts/time_varying_model

https://doi.org/10.1109/TKDE.2023.3294440
https://xinychen.github.io/papers/time_varying_model.pdf
https://github.com/xinychen/vars
https://spatiotemporal-data.github.io/posts/time_varying_model


Autoregression

• How to characterize dynamical systems?

yt yt+1

Spatiotemporal system

⇒

yt+1

≈

At

×

yt

+

ϵt

Time-varying autoregression

• On spatiotemporal systems Y ∈ RN×T :

yt+1 = Ayt + ϵt︸ ︷︷ ︸
time-invariant

v.s. yt+1 = Atyt + ϵt︸ ︷︷ ︸
time-varying

• How to discover spatial/temporal modes
(patterns) from the tensor A ≜ {At}t∈[T−1]? N

︸ ︷︷ ︸

N

︸
︷︷

︸

T
−
1︸ ︷︷ ︸

At

t
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25 / 51



Higher-Order SVD

Frank Lauren Hitchcock

1927 1960s

Tucker Decomposition

Ledyard R. Tucker

1970

CP Decomposition

J. Douglas Carroll

Jih-Jie Chang

Richard A. Harshman

2009

Tensor Decompositions
and Applications

Tamara G. Kolda

2011

Tensor-Train
Decomposition

Ivan Oseledets



Time-Varying Autoregression

• Tensor factorization6:

A = G ×1 W ×2 V ×3 X︸ ︷︷ ︸
Tucker decomposition

⇕
At = G ×1 W︸︷︷︸

spatial modes

×2V ×3 x⊤
t︸︷︷︸

temporal modes

• (Ours) Time-varying low-rank autoregression:

min
G,W ,V ,X

1

2

∑
t∈[T−1]

∥∥yt+1 − (G ×1 W ×2 V ×3 x
⊤
t )yt

∥∥2

2

• Alternating minimization: G (LS) → W (LS) → V (CG) → xt (LS)

6×k, ∀k is the mode-k product between tensor and matrix/vector.
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Fluid Flow

• Multiresolution fluid flow dataset (the first 50 snapshots + 50
snapshots randomly selected from the last 100 snapshots)

Vectorize snapshots as {yt}

=⇒

Spatial modes in W

0.101
0.100
0.099

0.1
0.0
0.1

0.1
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0.1

0.1
0.0
0.1

0.1
0.0
0.1

0.1
0.0
0.1

0 10 20 30 40 50 60 70 80 90 100
t

0.1
0.0
0.1

Temporal modes in X

• Produce interpretable patterns and identify the system of different
frequencies.
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Sea Surface Temperature

• Sea surface temperature (SST) dataset

Spatial mode 1 Spatial mode 2

Spatial mode 3 Spatial mode 4

Spatial mode 5 Spatial mode 6

Spatial modes in W

1990199219941996199820002002200420062008201020122014201620182020
12
13

Time series of mean temperature

0.025
0.024

0.025
0.000
0.025

0.00
0.05

0.05
0.00
0.05

0.05
0.00
0.05

1990 1992 1994 1996 1998 2000 2002 2004 2006 2008 2010 2012 2014 2016 2018 2020
0.05
0.00
0.05

Temporal modes in X

• Identify two strongest El Nino events (on 1997-98 & 2014-16).
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USA Temperature

• Data7: 5,380 stations & 12 years with the day resolution

• Spatial distribution of mean temperature

• Time series of mean temperatures

2010 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021
0

20

7
https://daac.ornl.gov/DAYMET
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USA Temperature

Spatial patterns in W
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Temporal patterns over 2 years
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NYC Taxi Data

• NYC taxi dataset (pickup)

Total trips

1

2

3

4
1e7
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Pattern #5 & taxi trips (2020)
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Dynamic Autoregressive Tensor Factorization for

Pattern Discovery of Spatiotemporal Systems

International Trade & Ridesharing Mobility



Autoregression

• How to characterize dynamical systems?

yt yt+1

Spatiotemporal system

⇒

yt+1

≈

At

×

yt

+

ϵt

Time-varying autoregression

• On spatiotemporal systems Y ∈ RN×T :

yt+1 = Ayt + ϵt︸ ︷︷ ︸
time-invariant

v.s. yt+1 = Atyt + ϵt︸ ︷︷ ︸
time-varying

• How to discover spatial/temporal modes
(patterns) from the tensor A ≜ {At}t∈[T−1]? N

︸ ︷︷ ︸
N

︸
︷︷

︸

T
−
1︸ ︷︷ ︸

At

t
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DATF

• Tensor factorization8:

A = G ×1 W ×2 V ×3 X︸ ︷︷ ︸
Tucker decomposition

⇕
At = G ×1 W︸︷︷︸

spatial modes

×2V ×3 x⊤
t︸︷︷︸

temporal modes

• (Ours) Dynamic autoregressive tensor factorization (DATF):

min
G,W ,V ,X

1

2

∑
t∈[T−1]

∥∥yt+1 − (G ×1 W ×2 V ×3 x
⊤
t )yt

∥∥2

2

s.t. W⊤W = IR︸ ︷︷ ︸
orthogonal spatial modes

• Solution: G (LS) → W (OPP) → V (CG) → xt (LS)

8×k, ∀k is the mode-k product between tensor and matrix/vector.
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OPP

• Orthogonal Procrustes problem:
For any Q ∈ Rm×r, m ≥ r, the
solution to

min
F

∥F −Q∥2F

s. t. F⊤F = Ir︸ ︷︷ ︸
orthogonal

is
F := UV ⊤

where

Q = UΣV ⊤︸ ︷︷ ︸
singular value decomposition

• Equivalent form:

∥F −Q∥2F = tr(F⊤F︸ ︷︷ ︸
=Ir

−F⊤Q−Q⊤F +Q⊤Q︸ ︷︷ ︸
const.

) = −2 tr(F⊤Q) + const.

=⇒F =: argmin
F⊤F=Ir

∥F −Q∥2F = argmax
F⊤F=Ir

tr(F⊤Q)
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Benchmark Evaluation

• Multi-resolution fluid flow dataset (the first 50 snapshots + 50

snapshots randomly selected from the last 100 snapshots)

◦ Produce interpretable patterns: Low-frequency modes (dominant
patterns) & high-frequency modes (e.g., secondary patterns,
outliers)

◦ Identify the system of different frequencies (i.e., at t = 50)

Vectorize snapshots as {yt}t

=⇒

Spatial modes in W
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International Trade

• Import/Export merchandise trade values (annual)9 (215

countries/regions & period of 2000-2022)

◦ Total merchadise trade values
◦ Represent import/export trade data as a 215-by-23 matrix

Imports from 2000 to 2022 Exports from 2000 to 2022

9The dataset is available at https://stats.wto.org.
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Import pattern 1

Import pattern 2

Import pattern 3

Import pattern 4

Export pattern 1

Export pattern 2

Export pattern 3

Export pattern 4



International Trade

• Three-dimensional trade (Economy, Product, Year)

Y t

M
co
u
n
tr
ie
s

︸
︷︷

︸

N products
︸ ︷︷ ︸

Y t+1

• On spatiotemporal systems Y ∈ RM×N×T :

yn,t+1 = An,tyn,t + ϵn,t︸ ︷︷ ︸
time-varying & product-varying

• Optimization problem of DATF:

min
G,W ,U,V ,X

1

2

∑
n∈[N ]

∑
t∈[T−1]

∥∥yn,t+1 − (G ×1 W ×2 U ×3 V ×4 x
⊤
t )yn,t

∥∥2

2

s.t. W⊤W = IR︸ ︷︷ ︸
orthogonal country patterns
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Product Patterns

• On 17 merchandise types

1 2 3 4
Mode

Agricultural products
Food

Fuels and mining products
Fuels

Manufactures
Iron and steel

Chemicals
Pharmaceuticals

Machinery and transport equipment
Office and telecom equipment

Electronic data processing and office equipment
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Exports

• Classify import/export merchandise according to product patterns

• Basic principle:

Import: What we buy? (demand) vs. Export: What we sell? (supply)
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Human Mobility

• Origin-Destination (OD) matrices

Y t

M
or
ig
in
s

︸
︷︷

︸

N destinations

︸ ︷︷ ︸

Y t+1

• On spatiotemporal systems Y ∈ RM×N×T :

yn,t+1 = An,tyn,t + ϵn,t︸ ︷︷ ︸
time-varying & destination-varying

• Optimization problem of DATF:

min
G,W ,U,V ,X

1

2

∑
n∈[N ]

∑
t∈[T−1]

∥∥yn,t+1 − (G ×1 W ×2 U ×3 V ×4 x
⊤
t )yn,t

∥∥2

2

s.t. W⊤W = IR︸ ︷︷ ︸
orthogonal origin patterns
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Human Mobility

• Chicago taxi/ridesharing data

Source: https://spatiotemporal-data.github.io/Chicago-mobility/taxi-data
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Human Mobility

• Ridesharing: 96,642,881 trips in 2019 vs. 57,290,954 trips in 2022

Pickup trips (2019) Dropoff trips (2019)

Pickup trips (2022) Dropoff trips (2022)
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Human Mobility

• Ridesharing: 96,642,881 trips in 2019 vs. 57,290,954 trips in 2022

Pickup trips aggregated over 52 weeks in 2019
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Human Mobility

• Ridesharing trip data: 77 origins × 77 destinations × 168 hours

• Our model Identifies the changes in pickup zones before and after
COVID-19

2019

2022

48 / 51



Conclusion

• Discovering spatial/temporal patterns from 2D and 3D spatiotemporal

systems with unsupervised learning:

◦ Time-varying system assumption
◦ Tensor factorization formula

yt yt+1

Spatiotemporal system

⇒

yt+1

≈

At

×

yt

+

ϵt

Time-varying autoregression
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Conclusion

• Discovering spatial/temporal patterns from 2D and 3D spatiotemporal

systems with unsupervised learning:
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︸
︷︷

︸
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Thanks for your attention!

Any Questions?

Slides: https://xinychen.github.io/slides/temporal_modeling.pdf

About me:

Ñ Homepage: https://xinychen.github.io

# How to reach me: chenxy346@gmail.com

# Or send to: xinychen@mit.edu

https://xinychen.github.io/slides/temporal_modeling.pdf
https://xinychen.github.io
chenxy346@gmail.com
xinychen@mit.edu

