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Foundation: Tensor & Tensor Factorization

® What is tensor? X € R™*™ vs. X € R™*nx?
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Color image with
RGB channels

Dynamical system (fluid flow)
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Foundation: Tensor & Tensor Factorization

® Revisit tensor factorization (TF)

1927 1960s 1970

2009

2011
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1% Y A
Higher-Order SVD Tucker Decomposition CP Decomposition
Ledyard R. Tucker J. Douglas Carroll

Jih-Jie Chang
Richard A. Harshman

Frank Lauren Hitchcock

O
U
Tensor Decompositions
and Applications

Tamara G. Kolda

Tensor-Train
Decomposition

P

Ivan Oseledets
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Foundation: Tensor & Tensor Factorization

® Revisit tensor factorization (TF)

1927 1960s 1970 2009 2011
O O A O A O A
1% Y A Y U
Higher-Order SVD  Tucker Decomposition ~ CP Decomposition ~ 1ensor Decompositions Tensor-Train
and Applications Decomposition
Ledyard R. Tucker J. Douglas Carroll
Jih-Jie Chang

Richard A. Harshman

Frank Lauren Hitchcock Tamara G. Kolda Ivan Oseledets

® CP tensor factorization: Factorize ) into the combination of three rank-R
factor matrices (i.e., low-dimensional latent factors).
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Time-Varying Autoregression

® Given a sequence of spatiotemporal measurements
y, €RY t=1,2,....T

.1
min 5> v — A
t

Time-varying autoregression
[Over-parameterization] O(N?(T — 1)) parameters vs. O(NT) data.

® (Ours) Parameterize coefficients via TF':

2
WGV, X QZHyt WG 2 V) y, 1H

Let At =G X1 W X2 V X3, bethe TF

® Alternating minimization

of —c Y
W= {W| 2 =0  G:i={G| =0}
f of

Vi=iVigy =0 me=d{m] 5~ =0}

® Solve each subproblem by conjugate gradient or least squares.

1X. Chen, C. Zhang, X. Chen, N. Saunier, L. Sun (2022). Discovering dynamic patterns from spatiotemporal
data with time-varying low-rank autoregression. arXiv preprint arXiv:2211.15482.
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® Time-varying autoregression with TF

. 1 T T 2
Wil 32 [pe = WEE e V) Ty,

2

® Fluid flow dataset (the first 50 snapshots + 50 snapshots randomly
selected from the last 100 snapshots)

Mean vorticity field

Spatial mode 1

Spatial mode 5

=% =10

Spatial mode 6

Spatial mode 7

Vectorize snapshots as {y,}

Spatial modes in W

0 10 20 30 40 50 60 70 80 90 100

Temporal modes in X

® Produce interpretable patterns and identify the system of different

frequencies.



® Time-varying autoregression with TF
. 1 T T 2
Wil 52 v~ WGl @ V) Ty,

® Sea surface temperature (SST) dataset

Spatial mode 1 Spatial mode 2
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® |dentify two strongest El Nino events (on 1997-98 & 2014-16).



® Time-varying autoregression with TF
. 1 T T 2
wilip e 3 2 [ - WEE e V) Ty,

® NYC taxi dataset (pickup)

Total trips Spatial mode 1 Spatial mode 2 Spatial mode 3 Spatial mode 4 Spatial mode 5 Spatial mode 6
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Low-Rank Laplacian Convolutional Model

Reformulate Laplacian regularization with circular convolution.

® Intuition of (circulant) Laplacian matrix.

Modeling -1 2 -1 0 0

SNCRRTE R
-1 0 0 -1 2

Undirected and circulant graph
erap (Circulant) Laplacian matrix

® Laplacian kernel: £=(2,—1,0,0,—1)7.

® Define Laplacian kernel?:

£4(2r ,—1,---,-1,0,---,0,—1,---,—1)T €RT
N N ——— N———
degree T T
for any time series © = (z1,...,z7)! € RT.

® Local trend modeling via (Laplacian) temporal regularization:

1 1 1
Rr(@) = Sl Lel3 = Sllexalf = 5= 7(8) o F(@)I3

2X. Chen, Z. Cheng, N. Saunier, L. Sun (2022). Laplacian convolutional representation for traffic time series
imputation. arXiv preprint arXiv:2212.01529.
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Low-Rank Laplacian Convolutional Model

Laplacian Convolutional Representation (LCR)

For any partially observed time series y € RT with observed index set Q, LCR utilizes
circulant matrix and Laplacian kernel to characterize global and local trends in time
series, respectively, i.e.,

min [[C(2)]l« +7 - Rr ()

s.it. [|[Pa(z —y)|l2 <e

where C : RT — RT*T denotes the circulant operator. || - ||« denotes the nuclear
norm of matrix, namely, the sum of singular values.

@O00®
@ ® ® O O
Global trends . . O O O
e o e o Q0000
Time series O O . . O
OIoIoN X
lLocaI trends C(x)
l Modeling
.@() Modeling
p — llC@)lls + Fllex |3

12/32



Low-Rank Laplacian Convolutional Model

LCR model:
min [[C(@)[« + - Rr(z)

st [Pa(z —y)l2 <€

Augmented Lagrangian function:
c =|c Yiex 2+ 2w — 2|2 —2) + 2 Palz — )2
(@, z,w) =[C(@)[|- + Sll€x 2|z + S llz — 2]z + (w, x — 2) + _|Palz — y)ll2

where w € RT is the Lagrange multiplier, and (-,-) denotes the inner product.

The ADMM scheme:
x :=argmin L(x,z,w)
x
z :=argmin L(z,z,w)
z
1
A+7
wi=w + ANz — 2)

Po(Az +w + ny) + Pg (z + w/N)
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Low-Rank Laplacian Convolutional Model

® Optimize x via fast Fourier transform (in O(T logT') time):

A
@ i—argmin [C@)]s + 2 [1€x2]3 + Slle - 2 + w/Al3

N . 5 . A L
—> & :=argmin 8]l + =180l + 2 1@ — 2+ w/A3

where we introduce {2, &,2z,Ww} referring to {€,x, z, w} in the frequency
domain.

£1-norm Minimization in Complex Space (Liu & Zhang'22)

For any optimization problem in the form of £1-norm minimization in complex space:
. . w 22
min ||&][1 + = [|l& — k|l
@ 2

with complex-valued &, h € CT, element-wise, the solution is given by

h ~
Iﬁtl -max{0, |h| — 1w, t=1,...,T.
t

=
&
Il
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Low-Rank Laplacian Convolutional Model

Multivariate LCR (LCR-2D)

For any partially observed time series Y € RY*T with observed index set ,
LCR can be formulated as follows,

min [[C(X)]. + 216"« X |7
st. ||Pa(X —Y)||r<e

where C : RVXT 5 RVNXNXTXT (anotes the circulant operator.
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® How to learn from sparse spatiotemporal data?

® How to characterize spatial /temporal local dependencies?



Quadratic variation completion (QVC)

Location (m)

1000 1500 2000
Time (s)

MAPE = 51.50% & RMSE = 4.86mph

2500

Circulant tensor nuclear norm minimization (CTNNM)

Location (m)

1000 1500
Time (s)

MAPE = 43.51% & RMSE = 1.65mph

2000

2500

* QVC & LKC:
min 2[|(:€7) * X ||
x 2

st [[Po(X -Y)|r <e

Speed (mph)

Speed (mph)

Laplacian kernelized completion (LKC)
600

Location (m)

—_——
o N
s 3
Speed (mph)

o 500 1000 1500 2000

Time (s)

MAPE = 46.94% & RMSE = 4.34mph

2500

Laplacian convolutional representation (LCR)

Location (m)
=
5

Speed (mph)

1000 1500 2000 2500

Time (s)

MAPE = 41.29% & RMSE = 1.55mph

® CTNNM:
i X))«
min ||C(X)]|

st |[Pa(X —=Y)|r<e



Matrix/Tensor Factorization

® Spatiotemporal data can be reconstructed by low-dimensional latent
factors!

Time steps Spatial factors

g 5 5 Temporal factors

=] ANE

3 ? ' ?

o ~ X

8 ? ?

S

]

%

[%2] ——— X e RRXT
Y € RVXT W' e RVXR

® MF optimization problem

min = [Pay —wTX)|C 42 (W3 41X

w,x 2 F 2

with factor matrices W and X. (|| - ||%. is the squared Frobenius norm.)
o Objective function f(W,X) or f;
o Rank R € Nt (R < min{N,T});
o Orthogonal projection Pq(-).
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Matrix/Tensor Factorization

* MF optimization problem

P
gln = HPQ Y -w X)H 5 (||WHF+ ||XHF)

® Partial derivatives

o _ spr v
s = XPa(Y - W'X)+ oW

of _ T

® Alternating least squares (ALS)

af w; ::( Z cctactTerIR)_l Z Tl t

3;}/ =0 . t:(i,t)EQ _lt:(i,t)en
— .y )
X =0 Ty 1= ( Z w;w; —|—pIR) . Z wWiYi
i:(%,t)EQ i:(1,t)EQ

® | atent factors

N are the columns of W;

o w; ERE
T are the columns of X.

=1,2,...,
o x eRE t=1,2

gesey
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Matrix/Tensor Factorization

Smoothing matrix factorization

® Spatial /temporal local dependencies are also important!

Time steps Spatial factors Temporal factors
(%]
5 2 2 wy AAAANAAAA
] ? ? wa
3 ? ? w3
- =~ X
©
B ? ¥
]
Q wN
)

N———— X e RRXT
Y ¢ RVXT WT e RVXE

® Formulate spatial /temporal dependencies

.
W¥, = |ws —w; -+ Wy —WN-1

-
XV, =|xso—x1 -+ @®r—TT_1
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Matrix/Tensor Factorization

Smoothing Matrix Factorization

® Formulate spatial /temporal dependencies

-1 1 O --- 0 O

U= 8 _01 —11 - 8 8 N {IIW\I/TI% with ¥, ¢ RV-DXN
S IX®] % with @y € RT-DXT
0 0 0 -1 1

® SMF optimization problem

.1 T 2 p 2 2
win 2 |[Pa WX+ AW+ X1
A
+ SUWe] I+ X5 |})

® Alternating minimization

W::{W|%:O} X::{X|%:O}

® Solve each matrix equation by the conjugate gradient method.
22/32



Matrix/Tensor Factorization

® Speed field reconstruction
o Set rank R = 10, weight parameter p = 10.

£ S z
H £ 3 =
— R n — 2]
1500 2000 0 500 1000 1500 2000 2500
Time (s) Time (s)
Sparse speed field MAPE = 45.84%, RMSE = 2.80mph
SMF (X = 10) SMF (A = 10%)
E 5 E z
S E S E

A 1\
0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500

Time (s) Time (s)
MAPE = 44.06%, RMSE = 2.16mph MAPE = 48.00%, RMSE = 1.60mph
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Matrix/Tensor Factorization

Hankel tensor and its factorization

® Hankel matrix

o Given y =(1,2,3,4, 5)T and window length 7 = 2, we have

Hr(y) =

W N

2
3 4x2
4 eR
5

o On time series y = (y1,%2,...,¥y5) | with 7 = 2:

Y1

Y2

Hr(y) = s

Ya

L4 V1T

~ ?{2 —1 V2X1

= Y= |93 :HT vazy
Ja

2 V4T

Ys 4

o Automatic temporal modeling.

Y2 v1
Y| o | V2
Ya - v3
Ys V4
v1T2

V2T _
V3T9 -
V42

o[]

V1x1
('U] xro + vox )/2
(vaxo 4+ v321)/2
(vawe + vax1)/2

V4T
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Matrix/Tensor Factorization

Hankel tensor and its factorization

® (Hankelization) Hankel tensor H.(Y")

o Tensor size: N X (T'—7+1) xT;
| | |

o Slices: Yy = |Yp Ypy1 0 Yrruir| k=1,2,...,7;
| | |

o Slice size: N x (T'— 7+ 1).

Y.
Y1Y2Y3 - Yr ‘,;
/,'

Y e RVXT T—-7+1
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Matrix/Tensor Factorization

Hankel tensor and its factorization
® HTF optimization problem

N LGS S

U,v,X

® HTF's advantage/disadvantage over MF:
v Automatic temporal modeling X High memory consumption

® Speed field reconstruction

o Set rank R = 10;
o Recall that SMF: MAPE = 48.00% & RMSE = 1.60mph.

HTF (r = 10) HTF (r = 15)

Location (m)
Speed (mph)
Location (m)
Speed (mph)

0

]
[ 500 1000 1500 2000 2500 [ 500 1000 1500 2000 2500

Time (s) Time (s)
MAPE = 41.40%, RMSE = 1.42mph MAPE = 43.97%, RMSE = 1.42mph
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Matrix/Tensor Factorization

Spatiotemporal Hankel tensor factorization

® Hankelization from X € RV*T to X 2 H., ,,(X) (Hankel tensor).

o Tensorsize: (N —71+1) X7 X (T —712+1) X 72;

o Slice: X. 1, : ko Vk1,k2;
o Slice size: (N —71+1)x (T —7m+1).

/X:‘kh:,l /X:,kl,:,Z /X!JCI,!.TQ

L 3

N-71+1

N
X
Y
s

| S —
T1 &

® StHTF optimization problem

R
QranV 2"PQ(HTI’T2 )—qu®sr®ur®vr)
r=1

‘ 2
F
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Matrix/Tensor Factorization

Spatiotemporal Hankel tensor factorization

® StHTF optimization problem

. 1 i 2
Q‘gl’ln!v 5 HPQ (H-rl,rg (Y) - ; q, R sr @ Ur @ 'Ur) ‘
® Speed field reconstruction
o Set rank R = 10;
o Recall that SMF: MAPE = 48.00% & RMSE = 1.60mph.
HTF (7 = 10) StHTF (11 = 72 = 10)
600
T 0% £ } ‘ ‘\ 20%
z £ = I ‘ g
k-] > 2 300 >
g Lo g L7
0 500 1000 1500 2000 2500 ° 0 500 1000 1500 2000 2500
Time (s) Time (s)
MAPE = 41.40%, RMSE = 1.42mph MAPE = 41.58%, RMSE = 1.39mph
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Matrix/Tensor Factorization

Which Model Is Better?

B 20Z
S g
= 109
g 8
S &
£ 20Z I | 0
s E 0 500 1000 1500 2000 2500
= 109 Time (s)
g 2
S &
o SMF
1500 2000 1
Time (s) T 20 _E
. z £
< £
Sparse speed field s 03
3 2
g 8
S &
600 °
1000 1500 2000 2500
2 205 Time (s)
g 3004 :
E 103
8 aQ
3 &
0

1000 1500 2000 2500
Time (s)

Ground truth speed field

Location (m)
Speed (mph)

““ l | )

1000 1500 2000 2500
Time (s)
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Matrix/Tensor Factorization

Which Model Is Better?

£ 20
< N
2 °
=1 10 o
Y 1 § H
LI k] &
€ i 'l 20% 0
S 1 ) £ 0 500 1000 1500 2000 2500
2 i 1l | 10§ Time (s)
g W &
i, 0 SMF

1500 2000 2500

Time (s) T 20
£ 5
. 5
Sparse speed field s =
= 10 @
g &
0
1500 2000
£ 203 Time (s)
< E
2 °
g 0g 600 HTF
K} &
: b 0 g 20g
1000 1500 2000 . | £
Time (s) 2 1073
g J g
Ground truth speed field = 0
0

0 1000 1500 2000 2500
Time (s)
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Conclusion

® Time-varying autoregression

o use TF to compress the coefficients
o interpret factorization structure as spatial/temporal modes

® |[ow-rank Laplacian convolutional representation

o characterize local trends of time series via the Laplacian kernels
o solve the model by a fast FFT implementation

® Spatiotemporal matrix/tensor factorization

o Smoothing regularization
o Hankelization
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Thanks for your attention!

Any Questions?

About me:
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Homepage: https://xinychen.github.io

Google Scholar: user=mCrW04wAAAAJhI (650+ citations)
GitHub: https://github.com/xinychen (3.2k+ stars)
Blog: https://medium.com/@xinyu.chen (65k+ views)
How to reach me: chenxy3460gmail.com
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