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O Slides: https://xinychen.github.io/slides/MF_TF_SFR_v1.pdf

® Jupyter Notebook: https://github.com/xinychen/transdim/blob/
master/toy-examples/MF_TF_SFR.ipynb
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Motivation

® Portland highway traffic speed data’
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Highway network & sensor locations

® Speed field Y € RV*T (N locations & T time steps)

® Speed field shows strong spatial /temporal dependencies

1h1:tps ://portal.its.pdx.edu/home
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Motivation
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® How to learn from sparse spatiotemporal data?

® How to characterize spatial /temporal local dependencies? 5/29



Matrix Factorization

® Spatiotemporal data can be reconstructed by low-dimensional latent
factors!

Time steps Spatial factors

g 5 5 Temporal factors
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® MF optimization problem

min = [Pay —wTX)|C 42 (W3 41X

w,x 2 F 2

with factor matrices W and X. (|| - ||%. is the squared Frobenius norm.)
o Objective function f(W,X) or f;
o Rank R € Nt (R < min{N,T});
o Orthogonal projection Pq(-).
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Matrix Factorization

Time steps Spatial factors

g 5 > Temporal factors
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® MF optimization problem
.1 T 2.p 2 2
min 2 |[Pa( —WTX)| 42 (IWIE +1XI7)
® Orthogonal projection Pq, : RV*T — RV*T?

o Simple example: Y = E ﬂ with Q = {(1,1),(2,2)}, we have

Pa(Y) = Ll) ﬂ Pa(Y) = [g ?):| (On the complement)

® Role of regularization (with p): avoid overfitting.
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Matrix Factorization

* MF optimization problem
Vr{/nn = HPQ Y -w X)H g (W% + 11X 17)

® Partial derivatives

o _ wpTiv _wT
Sy = ~XPA(Y —WTX) + oW
of _ wT
X = WPo(Y —W ' X)+pX
® Gradient descent (GD) vs. Steepest gradient descent (SGD)
o ::arg;nin FW — ozaa—vj; X)
_ of o O
of Vs. of
X::X—aﬁ B8 —argmlnf(WX ﬁ )
X=X -fg¢ f

® Fixed step size o (GD) vs. optimal step sizes {a,ﬂ} (SGD)
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Matrix Factorization

* MF optimization problem

P
gln = HPQ Y -w X)H 5 (||WHF+ ||XHF)

® Partial derivatives

o _ spr v
s = XPa(Y - W'X)+ oW

of _ T

® Alternating least squares (ALS)

af w; ::( Z wttherIR)_l Z Tl t

3;}/ =0 . t:(i,t)EQ _lt:(i,t)eﬂ
— .y )
X =0 Ty 1= ( Z w;w; —|—pIR) . Z wWiYi
i:(%,t)EQ i:(1,t)EQ

® | atent factors

N are the columns of W;

o w; ERE
T are the columns of X.

=1,2,...,
o x eRE t=1,2

gesey
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Matrix Factorization

Speed field reconstruction

® Objective function f vs. iteration

o Set rank R = 10, weight parameter p = 10;
o Set GD step size o = 10~%.
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Location (m)

Location (m)

f}},‘ 3 L
i ;"i'}' 0 oz =
T o TR s E
AR A L s 5
Nl / /, “4/‘;‘ i 1o§ H
fg e 1 f & 32

[ y LA o ‘ ‘

0 500 1000 1500 2000 2500 1000 1500 2000

Time (s) Time (s)
Sparse speed field MF with GD

Speed (mph)
Location (m)

o 500 1000 1500 2000 2500 o 500 1000 1500 2000 2500

Time (s) Time (s)
MF with SGD MF with ALS

® Reconstruction errors

50.66% (GD) 2.33 (GD)
MAPE = < 45.13% (SGD) RMSE = ¢ 2.79 (SGD) (mph)
45.84% (ALS) 2.80 (ALS)

Speed (mph)

Speed (mph)



Matrix Factorization

Seattle freeway traffic speed dataset (randomly mask 60% entries)
® Dataset: 323 loop detectors & 8,064 time steps (288 per day)

® Objective function f vs. iteration

o Set rank R = 10, weight parameter p = 102;
o Set GD step size o = 2 x 1075,

—_— GD - GD
« 10° — SGD . 10° —— SGD
s — ALS 5 —_— ALS
ﬁ 108 § 108
[ 3
0 200 400 600 800 1000 0 50 100 150 200
Iteration Iteration
o Reconstruction errors
9.14% (GD) 5.24 (GD)
MAPE = ¢ 9.12% (SGD) RMSE = ¢ 5.24 (SGD) (mph)
9.13% (ALS) 5.24 (ALS)
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Smoothing Matrix Factorization

® Spatial /temporal local dependencies are also important!

Time steps Spatial factors Temporal factors
(2]
5 ? ? w1 AL
w ? wa
o ? ? w3
- ~ X
©
= ? ?
]
(X wN
%)

——— X ¢ RRXT
Y e RVXT W' e RN*R

® Formulate spatial /temporal dependencies

T
WO, = |ws —w; -+ Wy—WN_]

T
X‘I’g Tro — I e T — LT -1
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Smoothing Matrix Factorization

® Formulate spatial /temporal dependencies

-1 1 0 - 0 0

o o o 4 e :{HW\I’H% with @, € RAN-DxN
S : | X, ||% with &y € RT-DXT
0 0 0 -1 1

® SMF optimization problem

L1 T 2..p 2 2
win o [PoY —WTX)|_+ Z0WIE +1X3)
A
+ §(IIW‘I'1TH% + X7
® Alternating minimization
8f af
=Wl =0 ={X|5x =0}

® Solve each matrix equation by the conjugate gradient method.
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Smoothing Matrix Factorization

Location (m)

® Speed field reconstruction

o Set rank R = 10, weight parameter p = 10.
o Recall that the reconstruction errors of MF:

50.66% (GD)
MAPE = { 45.13% (SGD)
45.84% (ALS)

SMF (A = 10)
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Tensor Factorization

® What is tensor? X € R™*™ vs. X € R™*nx?

i gk

m

Color image with
RGB channels

Dynamical system (fluid flow)
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CP Tensor Factorization

® Factorize Y into the combination of three rank-R factor matrices (i.e.,
low-dimensional latent factors).
< x
=V j

=l H O
<N @ ,17.].7‘, ~ 1%
R INE
Y 4
N U
y c RI\{XNXT
® Understanding CP factorization®'>:
R
Yijt & Zui,wj,rxw (sum of latent factors)
r=1

R
Y= Z Ur QU Q Ty (sum of rank-one tensors)

r=1

2CANDECOMP/PARAFAC (CP) decomposition.

3The symbol ® denotes the outer product.
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Hankel Tensor and Its Factorization

® Hankel matrix

o Given y =(1,2,3,4, 5)T and window length 7 = 2, we have

o On time series y = (y1,Yy2,. .-

Hr(y) =

=W N

Y1
Y2
X =

~(y) s

Ya

2{1 v1x1

Y2 1 V21

?{3 =H: V3T

‘1{4 V4T
Ys

o Automatic temporal modeling.

c R4><2

Tk W N
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Hankel Tensor and Its Factorization

® (Hankelization) Hankel tensor H,(Y")
o Tensorsize: N X (T'—7+1)xT;

o Slices: Y= |yp Ypy1 -~ Yr—run| . k=12,...,7;

o Slice size: N x (T'— 7+ 1).

Y
YiYaYs - Yr 1;
/',

Y € RVxT T—741
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Hankel Tensor and Its Factorization

® HTF optimization problem

R
. 1 2
UVx 5”739 (HT(Y) B ;ur ®vr ® :cr) HF

® HTF's advantage/disadvantage over MF:

v/ Automatic temporal modeling X High memory consumption

® Speed field reconstruction

o Set rank R = 10;
o Recall that SMF: MAPE = 48.00% & RMSE = 1.60mph.

HTF (r = 10) HTF (7 = 15)
600
[ ‘ i\
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Location (m)
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MAPE = 41.40%, RMSE = 1.42mph MAPE = 43.97%, RMSE = 1.42mph
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Spatiotemporal Hankel Tensor Factorization

® Hankelization from X € RY*T to X 2 H., .,(X) (Hankel tensor).

o Tensorsize: (N —711+1)x 71 X (T —7m2+1) X 72;
o Slice: X. i, . ko> Vh1,k2;
o Slice size: (N —71 +1) x (T'— 72+ 1).

/X:,kl,:,1 /X:,kl,:,z

/]

/X:,kh:,m

>
¥
R 3

N—rm+1

// ’
X
Y

7/

—————
T1 Q

® StHTF optimization problem

. 1 R 2
TR YCHMIOR SR
r—
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Spatiotemporal Hankel Tensor Factorization

Location (m)

® StHTF optimization problem

R
. 1
RN YIRS SRR

® Speed field reconstruction
o Set rank R = 10;

2

o Recall that SMF: MAPE = 48.00% & RMSE = 1.60mph.

HTF (r = 10)

0 500 1000 1500 2000 2500
Time (s)

MAPE = 41.40%, RMSE = 1.42mph

Speed (mph)

StHTF (7'1 =Ty = 10)

Location (m)
=
15

Speed (mph)

[
0 500 1000 1500 2000 2500
Time (s)

MAPE = 41.58%, RMSE = 1.39mph
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Which Model Is Better?
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Location (m)
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Which Model Is Better?
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Which Model Is Better?

® Seattle freeway traffic speed data

o Randomly mask 60% entries;

o SMF: set R =10, p = 102, X\ = 2 x 10%;
o HTF:set 7 =6, R =10;

o Reconstruction errors

9.13% (MF) 524  (MF)
MAPE = {9.01% (SMF)  RMSE ={5.14 (SMF) (mph)
8.67% (HTF) 5.02 (HTF)
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Which Model Is Better?

® Gray image inpainting
o Randomly mask 90% pixels;
o MF:set R=50, p=10"1;
o SMF: set R =50, p =101, A = 10.

SMF Ground truth

Incomplete image
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Conclusion

® How to reconstruct sparse speed field?

v Matrix factorization (MF) v Tensor factorization (TF)

® The importance of spatiotemporal modeling in low-rank methods?

o Spatial/temporal smoothing regularization:

‘gun HPQ(Y wT'Xx H |VVHF+ HX”F)

+ 5(\\W‘I’ 1% + 11X %] ||3)

o Automatic temporal modeling via Hankelization:

e a0 Swon)f

r=1
VS.
2
omin 2”73 (Hrrra(¥) - rzlqr®sT®ur®vr)HF
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Homepage: https://xinychen.github.io

Google Scholar: user=mCrW04wAAAAJhI (650+ citations)
GitHub: https://github.com/xinychen (3k+ stars)

Blog: https://medium.com/@xinyu.chen (60k+ views)
How to reach me: chenxy3460gmail.com

MONTREAL A


https://xinychen.github.io
https://scholar.google.com/citations?user=mCrW04wAAAAJ&hl
https://github.com/xinychen
https://medium.com/@xinyu.chen
chenxy346@gmail.com

	blackMotivation
	blackMatrix Factorization
	blackOptimization Problem
	blackGD vs. SGD vs. ALS

	blackSmoothing Matrix Factorization
	blackSpatial/Temporal Smoothing
	blackAlternating Minimization

	blackTensor Factorization
	blackBasic Idea
	blackCP Tensor Factorization
	blackHankel Tensor and Its Factorization
	blackSpatiotemporal Hankel Tensor Factorization

	blackDiscussion
	blackWhich Model Is Better?

	blackConclusion

