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Abstract—The problem of discovering interpretable dynamic patterns from spatiotemporal data is studied in this paper. For that
purpose, we develop a time-varying reduced-rank vector autoregression (VAR) model whose coefficient matrices are parameterized by
low-rank tensor factorization. Benefiting from the tensor factorization structure, the proposed model can simultaneously achieve model
compression and pattern discovery. In particular, the proposed model allows one to characterize nonstationarity and time-varying
system behaviors underlying spatiotemporal data. To evaluate the proposed model, extensive experiments are conducted on various
spatiotemporal datasets representing different nonlinear dynamical systems, including fluid dynamics, sea surface temperature, USA
surface temperature, and NYC taxi trips. Experimental results demonstrate the effectiveness of the proposed model for analyzing
spatiotemporal data and characterizing spatial/temporal patterns. In the spatial context, the spatial patterns can be automatically
extracted and intuitively characterized by the spatial modes. In the temporal context, the complex time-varying system behaviors can
be revealed by the temporal modes in the proposed model. Thus, our model lays an insightful foundation for understanding complex

spatiotemporal data in real-world dynamical systems. The adapted datasets and Python implementation are publicly available at

https://github.com/xinychen/vars.

Index Terms—Spatiotemporal data, time-varying system, vector autoregression, tensor factorization, pattern discovery.

1 INTRODUCTION

YNAMIC mechanisms that drive nonlinear systems are
D universally complex and obscure. Straightforwardly,
one can investigate the behavior of a system by discovering
the patterns from its observations. In practice, when we take
observations from a real-world complex system, spatiotem-
poral data are one of the most widely encountered form
relating to space and time and showing the characteristics
of time series. With the remarkable development of sensing
technologies, tremendous amounts of spatiotemporal data
are accessible for analysis, such as satellite data [1], station-
level weather observation data [2], and trajectories of human
mobility [3], to name but a few. In the literature, various
types of spatiotemporal data were characterized by time
series models and data-driven models. Leveraging time
series models not only allows one to analyze spatiotemporal
data but also makes it possible to discover inherent spatial
and temporal patterns from the data over space and time.
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As a simple yet efficient and classical statistical model,
VAR explicitly finds the linear relationship among a se-
quence of time series changing over time, which can also
successfully describe the dynamic behavior of time series
[4], [5]. Formally, if the given time series s1,...,87 € RN
(i-e., a collection of observations with N variables at consec-
utive times) are stationary, then the dth-order VAR takes a
linear formulation as s; = Zz:l Apsi_p + €,Vt € {d+
1,...,T}, in which the coefficient matrices A4,..., A4 €
RN*N are expected to capture the temporal correlations of
the multivariate time series, and €; is the residual at time
t. A large body of VAR and its variants such as reduced-
rank VAR [6], [7], [8], dynamic mode decomposition (DMD)
[9], [10], [11], high-dimensional VAR [12], and time-varying
VAR with tensor factorization [13] have been developed
for analyzing real-world time series data. Essentially, the
modeling intuition of these data-driven approaches is that
the coefficient matrix in VAR is rank-deficient, or at least the
dominant patterns underlying the coefficient matrix can be
revealed by a low-rank structure.

DMD models—the classical variants of VAR—were ini-
tially developed for discovering spatiotemporal coherent
patterns from fluid flow mechanism, and they are avail-
able for interpreting the system behaviors and underlying
data patterns, giving credit to its low-rank structure (i.e.,
a reduced-rank linear system of VAR) for dimensionality
reduction [9], [10], [11]. However, it is often required that the
data should be stationary if one analyzes it using VAR or its
variants, which is usually not the case in real-world cases.
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Therefore, one great challenge of modeling time series with
VAR is identifying the time-varying system behaviors in the
analysis, which is often associated with the nonstationar-
ity issue. Although the nonstationarity and time-varying
system behaviors are pretty clear to verify, the problem
of discovering underlying data patterns from time-varying
systems is challenging and still demands further explo-
ration. To characterize the underlying time-varying system
behaviors hidden behind time series, a classical framework
was proposed by utilizing the dynamic linear models (e.g.,
time-varying vector autoregression) whose latent variables
vary over time [14], [15], [16].

Typically, time-varying VAR model takes a sequence of
VAR processes at different times, and it is capable of han-
dling the time-varying system behaviors. Nevertheless, the
time-varying coefficients in the model give rise to the over-
parameterization issue, which implies that the number of
parameters (e.g., coefficient matrices in time-varying VAR)
inevitably exceeds the number of observations. The over-
parameterized coefficients can be regularized by a certain
smoothing term from a machine learning perspective, but it
does not work in the high-dimensional settings. Another ef-
ficient approach to address the over-parameterization issue
is using low-rank models such as low-rank matrix/tensor
factorization for pursuing perfect model compression. No-
tably, low-rank models have shown unprecedented com-
pression power on both matrix and tensor data or param-
eters in several contemporary studies [17], [18], [19], [20],
[21].

Complementary to the above methods, recent work pro-
vides an online DMD [22] and a time-varying autoregres-
sion model [13] for modeling time-varying systems. The
online DMD model allows one to compute DMD in real
time and find the approximation of a system’s dynamics
for time-varying streaming data. However, as for DMD
models, they are sensitive and vulnerable to the noises
in the time series data, posing both methodological and
practical challenges [23]. Therefore, it is hard to use DMD
to discover data patterns and system behaviors from time-
varying and noisy time series. In [13], the time-varying
autoregression model has a sequence of windowed linear
systems consisting of VAR processes, highly motivated by
the need for time-varying system identification. It allows
one to capture pattern changes of a dynamical system
through tensor factorization. Typically, tensor factorization
in the time-varying autoregression is capable of compress-
ing the over-parameterized coefficients and identifying the
time-varying system behaviors.

In this work, we revisit the classical spatiotemporal data
analysis problem and introduce a novel method to discover
spatial and temporal patterns from time-varying systems in
a data-driven fashion. The cornerstone of this work is the
time-varying VAR on nonstationary time series. Formally,
we can formulate the first-order VAR with time-varying
coefficients as s; = A;s:—1 + €, V¢, in which the system
matrices {A;} are changing over time. In this situation,
the system matrices involve O(N?(T — 1)) parameters,
which exceed O(NT) observations. To address the over-
parameterization issue, we utilize a low-rank tensor fac-
torization structure—Tucker decomposition [19], [24]—to
achieve the model compression. In the meanwhile, tensor
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factorization allows one to discover spatiotemporal patterns
from spatiotemporal data.
The main contributions of this work are twofold:

e We propose a fully time-varying reduced-rank VAR
model which allows one to discover interpretable
dynamic modes from spatiotemporal data. In our
model, we draw strong connections between time-
varying VAR and tensor factorization (i.e., Tucker de-
composition) that address the over-parameterization
issue and reveal spatial and temporal patterns in the
latent spaces.

e We demonstrate the model capability of the time-
varying reduced-rank VAR for discovering inter-
pretable patterns from extensive spatiotemporal
datasets, including fluid dynamics, sea surface tem-
perature, USA surface temperature, and NYC taxi
trips. The evaluation results show that the latent
variables in the tensor factorization of our model
can reveal both spatial and temporal patterns. Time-
varying system behaviors underlying these spa-
tiotemporal data can be clearly identified by our
model.

Focusing on the time-varying autoregression with low-
rank structures, our model differs from the existing model
proposed by [13] on the following technical sides. i) The
existing model takes a sequence of windowed (first-order)
VAR processes, while our model is parameterized with
fully time-varying coefficients in the higher-order VAR (see
Definition 1 and Remark 1 for more details). ii) The ex-
isting model utilizes the CANDECOMP/PARAFAC (CP)
decomposition (i.e., a special case of Tucker decomposition
[19]) to circumvent the over-parameterized coefficients in
which CP decomposition does not show any interactions
between spatial modes and temporal modes, in contrast,
our model applies the Tucker decomposition which allows
us to better characterize spatiotemporal patterns. Without
loss of generality, the proposed model lays a foundation
for modeling real-world spatiotemporal data with the time-
varying system behaviors and provides insights into dy-
namical system modeling.

The remainder of this work is organized as follows.
Section 2 gives a summary of the related work. Section 3
introduces a time-varying reduced-rank VAR model and
presents an alternating minimization algorithm for solv-
ing the involved optimization problem. Section 4 shows
extensive experiments on some real-world spatiotemporal
datasets. We discuss this research and give a summary in
Section 5. For more supplementary material, Appendix A
presents spatial /temporal modes achieved by DMD on the
fluid dynamics.

2 RELATED WORK
2.1 Low-Rank Autoregression

In the past decades, substantial studies on time series
modeling have sought solutions to the over-parameterized
autoregression, mainly aiming at model compression on
the coefficients. Essentially, the idea of low-rank regres-
sion is to take advantage of dimensionality reduction tech-
niques. To solve the over-parameterization issue in the high-
dimensional VAR, there are some low-rank matrix and



tensor tools ranging from the linear structure to multilinear
structure, e.g., matrix factorization [25], Tucker decomposi-
tion [12], and tensor train decomposition [26], to compress
the coefficient matrices in VAR. At an early stage, a general
reduced-rank setup for VAR models was proposed by Ahn
and Reinsel [7], [27]. Very recently, some representative
models, such as the multivariate autoregressive index model
[28] and the Bayesian compressed VAR model [25], inte-
grated matrix factorization into the framework. Another
idea is to use a low-rank tensor structure to characterize the
higher-order VAR (i.e.,, d > 1), e.g., Tucker decomposition
formatted VAR model in [12]. Bahadori et al. proposed a
unified low-rank tensor learning framework for multivari-
ate spatiotemporal analysis [29]. In these high-dimensional
VAR models with the higher order, tensor factorization can
perform better than matrix factorization in terms of model
compression on the coefficients. However, tensor factoriza-
tion would inevitably involve high complexity and noncon-
vex optimization. In the field of dynamical systems, DMD
and higher-order DMD models can also be categorized into
reduced-rank VAR models. They take the form of VAR and
can handle high-dimensional time series because truncated
singular value decomposition (SVD) and eigenvalue de-
composition are adopted to preserve the most important
dynamic modes of time series data [9], [10], [11], [30].
Therefore, matrix/tensor factorization in the low-rank au-
toregression not only addresses the over-parameterization
issue, but also provides insights into pattern discovery.

2.2 Time-Varying Autoregression

In real-world applications, time series data are usually
nonstationary. Recall that the stationary time series pos-
sess mean, average, and autocorrelation that are indepen-
dent of time [4], but nonstationary time series violate that
principle. Therefore, the nonstationarity characteristic poses
great methodological and practical challenges for develop-
ing well-suited frameworks on such kind of data. Instead of
stationarizing time series, existing studies presented some
autoregression models to characterize the behaviors of time-
varying systems. In the literature, a classical dynamic linear
framework (e.g., time-varying VAR) utilizes time-varying
latent variables to characterize the time-varying system
behaviors of time series [14], [15], [16]. To reinforce such a
framework, many counterparts of time-varying autoregres-
sion, such as time-varying structural VAR [15], [16], online
DMD [22], and time-varying autoregression with low-rank
tensors [13], have been introduced into time series analysis.
Among these works, Harris et al. [13] introduced a time-
varying VAR and addressed the over-parameterization issue
through low-rank tensor factorization—tensor factorization
allows one to achieve both model compression and pattern
discovery. However, to the best of our knowledge, existing
studies have not provided any systematical analysis for
showing how to discover dynamic patterns from spatiotem-
poral data via time-varying autoregression.

3 METHODOLOGY

This section introduces a fully time-varying reduced-rank
VAR model for multivariate time series. In particular, the
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model utilizes low-rank tensor factorization to compress
the over-parameterized coefficients. In the meanwhile, ten-
sor factorization in the model allows us to automatically
discover interpretable dynamic modes (corresponding to
spatiotemporal patterns) from spatiotemporal data.

3.1 Model Description

In this work, we propose a time-varying VAR model with
interpretability regarding the dynamic behaviors of the un-
derlying system. This model provides a flexible framework
built on previous efforts such as DMD [9], [11] and time-
varying autoregression with low-rank tensors [13]. For any
spatiotemporal data in the form of multivariate time series,
our model considers a time-varying linear system as fol-
lows.

Definition 1 (Fully Time-Varying VAR). Given any mul-
tivariate time series data S € RM*T with columns
S1,...,87 € RY, if a dth-order VAR takes time-varying
coefficients at time t € {d+1, ..., T}, then the optimization
problem of the fully time-varying VAR can be defined as
follows,

N e
min 5 0y — Az, (1)
t=d+1

where z; 2 (s 4,---,8] ;)7 € R is an augmented

vector and y, £ s;. The data pair {y,, 2;} are the inputs
for learning the coefficient matrices {A; € RV*(@N)} The
notation | - ||2 denotes the £3-norm of vectors. Notably, these
coefficient matrices are capable of expressing the time series
with a sequence of parameters.

Remark 1. In contrast to the fully time-varying VAR as
mentioned in Definition 1, Harris et al. [13] presented a
windowed time-varying VAR with the first-order form (i.e.,
d = 1), which is given by

M
1
in -=> Y- AZ3 2
E}‘lg 2;” t 2|, @
where {A; € RV*N} are the coefficient matrices. The time
steps T = MK,M € Nt K € N7 is comprised of M
windows and each window is of length K. At any window
t, the data pair {Y, Z,} are defined as augmented matrices:

| |
S(t-1)K+1 StK—1

| |
S(t—1)K+2 s | € RVX(E-D),

If K =1, then the windowed time-varying VAR is reduced
to our fully time-varying VAR with d = 1, showing the flex-
ibility of the fully time-varying VAR against the windowed
time-varying VAR.

Y, = c RNX(K—1)7

Zy =

In Definition 1, gathering {A;} and stacking these ma-
trices along an additional dimension, there exists a third-
order tensor A € RN*(@N)x(T=d) tq represent these co-
efficient matrices, where A; is the t¢th frontal slice of
A. One great concern of the model is that it possesses
O(dN?*(T — d)) parameters, which would vastly exceed



O(NT) observations in most cases, regardless of the order
d in the model. Therefore, one can demonstrate that, due to
time-varying coefficients, the autoregression model involves
the over-parameterization issue. To address this issue, low-
rank matrix/tensor factorization usually plays as a funda-
mental tool for compressing the over-parameterized coef-
ficients, e.g., matrix factorization in reduced-rank regres-
sion/autoregression [6], [7], [8], [27] and tensor factorization
in high-dimensional VAR [12]. In this work, we assume
that the tensor A has a reduced rank, i.e., the rank of A
is deficient, and claim the existence of a multilinear rank-
(R, R, R) Tucker decomposition such that

A:gX1W><2V><3X, (3)

where G € RIEXEXE js the core tensor, and W ¢
RVXE v ¢ RUNIXE X ¢ R(I-dXR gpe factor matrices.
The notation xj; denotes the modal product between a
tensor and a matrix along the mode k [19]. If the autore-
gressive process is not time-varying, i.e., in the case of
static coefficients, then the model would be reduced to the
precedent reduced-rank VAR with matrix factorization [7],
[8], [27]. According to the property of Tucker decomposition
and Kronecker product [19], [24], we can build connections
between Egs. (1) and (3) through

At:g><1W><2V><3mtTEWG(ﬁt:,T(}Z)V)T7 4)

where x; € R is the tth row of X, and G £ Gu) € REXR?
is the mode-1 unfolding/matricization of the core tensor G.
The symbol ® denotes the Kronecker product.

In this case, tensor factorization is used to compress
the coefficients in the time-varying VAR. If one integrates
the above-mentioned tensor factorization into time-varying
VAR processes, then the optimization problem of the resul-
tant time-varying reduced-rank VAR can be formulated as
follows,

T
Yy -WG/ «V)Tzl5 6
t=d+1

Here, we draw connections between the Tucker de-
composition and the time-varying VAR and provide an
expression to decompose the coefficients into a sequence
of matrices. The model not only addresses the over-
parameterization issue in the time-varying VAR, but also
provides physically interpretable modes for real-world time
series data. As demonstrated by [13], one significant benefit
of tensor factorization in the model is the revelation of the
underlying data patterns in the parameters. For instance, on
spatiotemporal data, W and V' can be interpreted as spatial
modes, while X can be interpreted as temporal modes.
Time-varying {x. } can explore the system behaviors of time
series data. It should be noted that there could be multiple
possible solutions to distribute the negative sign among
W, V, and X. Since our model takes into account time-
varying coefficients, we can offer a better understanding of
dynamics of spatiotemporal data with nonstationarity and
time-varying system behaviors. In contrast to our model, the
time-varying autoregression with low-rank tensors builds
VAR for the time series in each window and follows CP
tensor factorization for model compression and outlier de-
tection [13], and which seems to be less parsimonious than
our model in terms of interpretable structures.

min —
W,G,V,X 2
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Lemma 1. The optimization problem in Eq. (5) is equivalent to
the following optimization problem in the form of matrix:

. 1 T 712
wiin SV -WGXeV) Z|, ©
where || - ||  denotes the Frobenius norm of matrix, and Y , Z are
defined as follows,
| | |
Y2 |Yys1 Yaro 0 Yr| € RNVX(T=d)
| | |
and
Zgp1 0O - 0
al| 0 Few € RUN(T=d)x(T-a)
0 0 zT
respectively.

Remark 2. This matrix-form optimization problem provides
insight into understanding the problem of the time-varying
reduced-rank VAR. Putting the orthogonal factor matrices
together with the matrix-form optimization problem, our
model can be written as a higher-order singular value de-
composition (HOSVD, [19], [24]) on the coefficient tensor. In
this case, we give an unfolded form of HOSVD as follows,

: 1 T2
Wi ol - WEX 9 V)T

W'W = Ip, @)
st. { VTV =1Ig,
XX =1Ip,

where A) £ YZ' e RVXEN(T-9) is the mode-1 un-
folding of A. Herein, - denotes the Moore-Penrose pseudo-
inverse. In the constraint, Iy is the R-by-I identity matrix.

As can be seen, our model shows the capability of
HOSVD for pattern discovery, but in high-dimensional set-
tings, computing with the large and sparse matrix Z is
computationally costly. In what follows, we let f be the ob-
jective function of the optimization problem in Eq. (5), and
still use the vector-form formula to develop an alternating
minimization algorithm for the time-varying reduced-rank

VAR.

3.2 Model Estimation

Recall that alternating minimization (e.g., alternating least
squares) is a simple yet efficient method for addressing a
manifold of nonconvex optimization problems in low-rank
matrix/tensor factorization [19], [24]. To solve the involved
optimization problem in our model, we apply an alternating
minimization algorithm in which we have a sequence of
least squares subproblems with respect to {W, G, V, X},
respectively. Regarding the subproblem with respect to each
unknown variable, we fix the remaining variables as known
variables and intend to write down the least squares so-
lutions or obtain the numerically approximated solutions.
Furthermore, as reported in [13], alternating minimization
based estimation has been shown to be effective in such
optimization problems.



3.2.1 Updating the Variable W

With respect to the variable W, the current estimation task
is deriving the closed-form solution from

w —argmln - Z ly, = WGz @ V) 2%, ()

t d+1

while {G,V, X} are fixed as known variables. Since this
optimization problem is convex, we can first write down
the partial derivative of f with respect to W as follows,

of d
= -
ow = 2

T
=- Z ytz;r(w;r ® V)GT
t=d+1
T
+ Z WG @ V) zz] (] 2 V)G'.
t=d+1

W(;?’(actT ® V)Tz,g)th(:ctT ® V)GT

)
Then let % = 0, there exists a least squares solution to the
variable W:

T
W = ( Z vzl (2] ® V)GT)
t:d;l o)

: ( Z Gz o V) zz] (x] ® V)GT>

t=d+1

3.2.2 Updating the Variable G

With respect to the variable G, the estimation goal is finding
the optimal solution from

T

G —argmm 5 Z ly, —
t=d+1

WGz @ V) 2|3 (1)

while {W, V', X} are fixed as known variables. To find the
closed-form solution from this optimization problem, the
partial derivative of f with respect to G is given by

Sy W,

t= d+1

=- Z WTytth(a’tT‘@V)
t=d+1

~- WGz @V) z)z] (2] @ V)

T
+ Z WWG(x! @ V) z.2] (] @ V).
t=d+1
(12)
Let - af = 0, then there exists a least squares solution to the
Vanable G:

T

G=w' ( Z v,z (] ® V))
t=d+1

1 (13)

- ( S (@] ©V) 2] (0] @ v>)

t=d+1

3.2.3 Updating the Variable V
With respect to the variable V/, the optimization problem is
given by

WGz @ V) 2|3,

T
o1
V= arg&nln 3 Z ly, — (14)

t=d+1
where {W,G, X} are fixed as known variables. To get
the closed-form solution, one is required to reformulate the
objective function because the involved Kronecker product
complicates the formula. According to the property of Kro-
necker product (see Lemma 2), we can rewrite the objective
function as follows,

Z ly, —

t d+1

:5 Z ly, —

t=d+1

WG( wt ®V) th%
(15)
D3,

(w12 ) @ Ir)vec(V

where vec(-) denotes the operator of vectorization.
Lemma 2. Forany x € R™,Y € RP*9 2z € RP, there exists
(" @Y) z=(xoY ")z
=vec(Y Tz ")
=vec(I,Y " (zz"))
=((xz") ® I,)vec(Y ).

Remark 3. This lemma stems from one fundamental prop-
erty of Kronecker product [24], which is given by

vec(AXB) = (B" ® A)vec(X), (17)

forany A € R™*™, X € R™*", and B € R™*" commen-
surate from multiplication in that order.

(16)

Therefore, the partial derivative of f with respect to the
vectorized variable vec(V ") is given by

of S T
— = zix, )IR)G W
3veC(VT) tzd;_l(( ) =) Yi
(18)
+ Z zta:t IR)GTWT
t=d+1
WG((x2]) @ ITr)vec(V'").
Let % = 0, then there exists a system of linear
equations:
T

Z (zex] )@ IR)G"W WG((xy2] ) @ Ir)vec(V")
t=d+1
T
= Z (zex]) @ IR)GTW Ty,.
t=d+1
(19)
This system of linear equations has a least squares solution.
However, the potential inverse of the large matrix would
cost O((dN R)?), involving high computational complexity.
To convert this large-scale and sparse problem into an
easy-to-solve problem, we utilize Lemma 3 to establish an
equivalent generalized Sylvester equation with respect to
the variable V.



Lemma 3. Forany x € R",Y € R?*", z € RP, there exists
(zz") @ I,)vec(Y) = vec(Yxz"). (20)

According to the property of Kronecker product as men-
tioned in Lemma 3, Eq. (19) is equivalent to the following
generalized Sylvester equation:

T

> (2 )@ Ig)GTWI WG(z] @ V) 2
t=d+1

T

= > ((zx])@Ig)G'W'y,.
t=d+1

21

As can be seen, it yields a generalized Sylvester equation
that estimates the solution to V' ':

T T
T T
E Pixiz, = Z Q.x.z, ,

t=d+1 t=d+1

(22)

where we define two auxiliary variables P;,Q, € RFt*%

such that
vec(P) 2 G'W WGz @ V)2,
vec(Q,) £ GTWTyt'
With respect to the variable V/, the first impulse is to

take a transpose operation on both left-hand and right-hand
sides of Eq. (22). Then the resultant equation is given by

T T
Z thE;rP: = Z 21Ty Qt . (23)
t=d+1 t=d+1

In this case, we can use the conjugate gradient, a classical
and efficient numerical approximation algorithm [24], to
solve the generalized Sylvester equation. To solve Eq. (23)
through conjugate gradient, we need to define an operator
on the left-hand side of the equation as follows,

L,(V) = vec ( Z 21Ty PT) e RIVE, (24)

t=d+1

Algorithm 1 summarizes the estimation procedure for
approximating the solution to the variable V' in Eq. (23).
The conjugate gradient method allows one to search for the
approximated solution to a system of linear equations with
a relatively small number of iterations (e.g., 5 or 10) [24],
showing convergence guarantee for solving subproblems of
matrix/tensor factorization [31]. Admittedly, the conjugate
gradient methods with a small number of iterations cannot
match the least squares solution. Nevertheless, the numer-
ical approximated solution via conjugate gradient is rather
accurate [24].

3.2.4 Updating the Variable {x:}

According to the property of Kronecker product, we can
rewrite the objective function of the optimization problem
in Eq. (5) as follows,

Z ly, —

t d+1

Z ly, —

t d+1

WGz @ V)22
(25)
WG IR®(V Zt))thQ-

Algorithm 1 Conjugate gradient for estimating V'

Input: Data pair {y,, 2}, known variables {W,G, X},
initialized V', and the maximum iteration ¢;,x (e.g., the
default value as £,.x = 5).

Output: Estimated V.

Let R, = 0.

fort =d+1toT do

Compute Q, with vec(Qt)
Take R, + = z.x/ Q, .

: end for

. Initialize v by the vectorized V.

: Compute residual vector ro = vec(R,)

qdo = To-

8: for { = 0t0 fpmax — 1 do

9:  Convert vector g, into matrix Q,.

LG'W'y,.

NS T

— L,(V), and

1’[ Ty
qz—ﬁv(Qe)-
11:  Update vyy1 = v + oyq,.
12 Update 41 = 17 — 0Ly (Qy).

4
"'e+17'13+1

13:  Compute §¢ = rTre

14:  Update g, ., = rg_H + Beqy.
15: end for

16: Convert vector vy

10:  Compute oy =

into matrix V.

max

Thus, the optimization problem with respect to ., Vt
now becomes

1
Ty := arg min §||yf —-WGIr® (Vth))thg, (26)

Tt

while {W, G, V'} are fixed as known variables.

Then, we can obtain the partial derivative of f with
respect to the variable x; (i.e., the tth row of the variable
X)), which is given by

of
oz, =(Ir
:(IR ® (VTZt))TGTWTWG(IR ® (VTZt))ZEt
~(Ir®(V'z) ' GTWTy,,

®(V'z) [ GTWI (WGIr® (V' z))x: — y,)

(27)
In this case, letting % = 0 leads to a least squares solution
to the variable x;:

= (Were (vT2)) u, @8)

3.3 Solution Algorithm

As mentioned above, the variables {W, G, X } can be com-
puted by the closed-form least squares solutions, while the
solution to the variable V' can be numerically approximated
by the conjugate gradient method in an efficient manner.
Starting from the initialized variables by using SVD, then
we update these variables in an iterative routine. In the
iterative process, the basic idea of alternating minimization
is that we fix the remaining variables when updating one
of these variables. Since each subproblem is convex and
there is a unique solution to each of the coordinate-wise
minimization problems, the convergence of our algorithm
through the block coordinate minimization can be therefore
verified [13].



Algorithm 2 Time-varying reduced-rank VAR

Input: Data pair {y,, z;} constructed by the time series data
S € R¥XT ( as the order of VAR, R as the low rank
(R <min{N,T — d}), and L as the maximum iteration.
Output: {W, G, V, X}.
1: Initialize factor matrices W, V', X by the R left singular
vectors of Y, Z, S, respectively.
2: for{ =0to L —1do
3:  Update G by Eq. (13).
4:  Update W by Eq. (10).
5:  Compute V from Eq. (23) with conjugate gradient (see
Algorithm 1).
6: fort=d+1toT do
7 Update x; by Eq. (28).
8 end for
9: end for

4 EXPERIMENTS

In this section, we evaluate our model on an artificial
dataset for fluid dynamics and some real-world datasets,
including sea surface temperature, USA surface tempera-
ture, and NYC taxi trips. We demonstrate the performance
of our model on characterizing the underlying data patterns
and the system behaviors, especially showing the modeling
capability and interpretability on time-varying systems.

4.1 Fluid Dynamics

Investigating fluid dynamic systems is of great interest for
uncovering large-scale spatiotemporal coherent structures
because dominant patterns exist in the flow field. Data-
driven models, such as proper orthogonal decomposition
(POD) [32] and DMD [10], [11], [23], have become an impor-
tant paradigm. To analyze the underlying spatiotemporal
patterns of fluid dynamics, we apply our data-driven model
to the cylinder wake dataset in which the flow shows a
supercritical Hopf bifurcation. The dataset is collected from
the fluid flow passing a circular cylinder with laminar
vortex shedding at Reynolds number Re = 100, which
is larger than the critical Reynolds number, using direct
numerical simulations of the Navier-Stokes equations.! This
is a representative three-dimensional flow dataset in fluid
dynamics, consisting of matrix-variate time series of vor-
ticity field snapshots for the wake behind a cylinder. The
dataset is of size 199 x 449 x 150, representing 199-by-449
vorticity fields with 150 time snapshots (see some examples
in Fig. 1a).

We manually build an artificial dataset based on fluid
dynamics observations to test the proposed model. First,
we can reshape the data as a high-dimensional multivariate
time series matrix of size 89351 x 150. Then, to manually
generate a multiresolution system in which the fluid flow
takes time-varying system behaviors, we concatenate two
parts of data with different frequencies—putting i) the first
50 snapshots (original frequency) together with ii) the uni-
formly sampled 50 snapshots from the last 100 snapshots
(double frequency). As a consequence, the newly-built fluid
flow dataset for evaluation has 100 snapshots in total but

1. http:/ /dmdbook.com/
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with a frequency transition in its system behaviors, i.e., pos-
sessing different frequencies in two phases. Multiresolution
fluid dynamic data come with their own challenges, such as
multiple frequencies that the standard DMD model cannot
work effectively (see Appendix A for further information).
Regarding these challenges, finding a spatiotemporal coher-
ent structure from multiresolution data is a challenging task,
but of great significance. As demonstrated by [33], uncov-
ering such multiscale system can recognize and separate
multiscale spatiotemporal features.

In our model, rank R is a key parameter, which indicates
the number of dominant spatial/temporal modes. In prac-
tice, a relatively small rank may only help reveal a few low-
frequency dominant modes, but a greater rank would bring
some complicated and less interpretable modes, usually re-
ferring to high-frequency information [34]. This is consistent
with the law that nature typically follows—noise is usually
dominant at high frequencies and the system signal is more
dominant at lower frequencies. On this dataset, we set the
rank of our model as R = 7. Fig. 1b shows the spatial modes
of the fluid flow revealed by our model. It demonstrates that
the spatial mode 1 corresponds to a background mode that
is not changing over time because it is consistent with the
mean vorticity. The other dominant spatial modes essen-
tially show the waves of fluid flow, which look similar to
both DMD and POD modes on the same analysis [11]. With
the increase of rank, the spatial modes can be more detailed.
In this case, observing the harmonic frequencies of temporal
modes (see Fig. 1c), the corresponding spatial modes 4 and 5
are more complicated than the spatial modes 2 and 3, while
the spatial modes 6 and 7 are more complicated than the
spatial modes 4 and 5. Despite recognizing similar spatial
modes as POD, our model can also discover the temporal
modes that reveal how the system behaviors evolve. Fig. 1c
shows the temporal modes of the fluid flow in X. As
can be seen, the frequency of all temporal modes in X
is changing at the time ¢ = 50, and all temporal modes
can identify the time series with different frequencies of
oscillation. The dynamics of fluid flow essentially consist of
the phases of two frequencies. Thus, we can emphasize the
model’s ability for identifying the time-evolving patterns
from multiresolution fluid flow. The temporal mode 1 is the
most dominant pattern of the fluid flow, corresponding to
the spatial mode 1. With a greater rank, the frequency of
harmonic cycles increases, implying that the importance of
the latter modes is secondary and the last spatial /temporal
modes represent high-frequency information. Therefore, we
can conclude that our model can discover both spatial and
temporal modes from the spatiotemporal data with time-
varying system behaviors.

4.2 Sea Surface Temperature (SST)

The oceans play as a very important role in the global cli-
mate system. Exploiting the SST data allows one to monitor
the climate change and understand the dynamical processes
of energy exchange at the sea surface [33], [35]. Here, we
consider the SST dataset that covers weekly means of tem-
perature on the spatial resolution of a (1 degree latitude,
1 degree longitude)-grid, and there are 180 x 360 global
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(a) Fluid flow (original data.) (b) Spatial modes. (c) Temporal modes.

Fig. 1: Fluid flow and spatial/temporal modes to demonstrate the model capability. (a) Heatmaps (snapshots) of the fluid
flow at times ¢ = 5, 10, . . ., 40. It shows that the snapshots at times ¢t = 5 and ¢ = 35 are even the same, and the snapshots
at times £ = 10 and ¢ = 40 are also the same, allowing one to infer the seasonality as 30 for the first 50 snapshots. (b) Mean
vorticity field and spatial modes of the fluid flow. Spatial modes are plotted by the columns of W in which seven panels
correspond to the rank R = 7. Note that the colorbars of all modes are on the same scale. (c) Temporal modes of the fluid
flow in X. Seven panels correspond to the rank R = 7.
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Fig. 2: Model application and results on SST data from 1990 to 2019. (a) Geographical distribution of long-term mean
values of the SST over the 30-year period. (b) The time series of mean SST values over a 30-year period. The entire average
temperature is 12.45°C. (c) Temporal modes of the SST achieved by our model. From the top panel to the bottom panel, we
have the temporal modes 1, ..., 6, respectively. (d) Geographical distribution of spatial modes of the SST achieved by our
model. Spatial modes are plotted by the columns of W in which six panels correspond to the rank R = 6.

grids (i.e., 64,800 cells) in total.? The dataset spans a 30- length 1,565 (weeks). Therefore, the data can be represented
year period from 1990 to 2019, and the time dimension is of ~as a matrix of size 64800 x 1565, which seems to be high-
dimensional. Fig. 2a exhibits the long-term mean values of

2. https:/ /psl.noaa.gov/data/gridded /data.noaa.oisst.v2.html the SST dataset over the 30-year period. It is not hard to see
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the most basic patterns of geographical distribution of SST.
Fig. 2b shows the yearly cycle (=~ 52 weeks) of time series of
the mean temperature.

Using the proposed model with rank R = 6, we plot
the temporal modes and spatial modes of the SST data
in Fig. 2c and 2d, respectively. Our model can identify
both quasiperiodic and nonperiodic behaviors and patterns
from complicated and noisy signals. On the contrary, DMD
models are empirically demonstrated to be sensitive to data
noise in SST [11]. The temporal modes 1, 2, 3, and 4 take
yearly cycles, showing dominant patterns of SST. In partic-
ular, the spatial modes revealed by our data-driven model
are consistent with the previous literature [33]. Specifically,
the spatial mode 1, as a background mode, is consistent
with the long-term mean temperature. The other spatial
modes explain the deviations from the long-term monthly
means, respectively. It is worth noting that some special
oceanic events can also be revealed in these spatial and
temporal modes. For instance, the spatial/temporal modes
3 and 4 convey the two Southern Annular Modes in the
Southern Ocean, as well as the positive and negative phases
of the North Atlantic Oscillation. Furthermore, the spa-
tial/temporal modes 5 and 6 demonstrate the phenomenon
of El Nifo Southern Oscillation (with both of El Nifio and La
Nifia), as well as the Pacific Decadal Oscillation. Combining
with the temporal mode 5 in Fig. 2¢, we can directly identify
two strongest El Nifio events on record, i.e., happened
on 1997-1998 and 2014-2016, corresponding to the spatial
mode 5 as highlighted in Fig. 2d. These results can also be
generated through the multiresolution DMD model [33], but
the multiresolution DMD are incapable of discovering the
complex SST systems.

4.3 USA Surface Temperature Data

Daymet project provides long-term and continuous esti-
mates of daily weather parameters such as maximum and
minimum daily temperature for North America.> There are
5,380 stations over the United States Mainland. In this work,
we use the daily maximum temperature data in the United
States Mainland from 2010 to 2021 (i.e., 12 years or 4,380
days in total) for evaluation. The data can be represented
as a matrix of size 5380 x 4380. In particular, we apply
the nonstationary temporal matrix factorization model [36]
to impute 2.67% missing values in the original data and
conduct the following evaluation on the recovered data.
Fig. 3a shows the long-term mean values of the temperature
dataset over the 12-year period, demonstrating the most ba-
sic patterns of geographical distribution of the temperature
data. Fig. 3b demonstrates the mean temperature changing
over time, showing strong yearly cycles.

Fig. 4a shows the geographical distribution of the spatial
modes of the temperature data revealed by W in our
model, while Fig. 4b and 4c visualize the temporal modes
of the temperature data revealed by X in our model. The
spatial mode 1 demonstrates the most dominant mode
which is consistent with the mean temperature as shown
in Fig. 3a. In the meanwhile, the temporal mode 1 shows
strong yearly cycles underlying the daily temperature. The
temporal mode 2 shows the similar time series curve as

3. https:/ /daac.ornl.gov/DAYMET
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Fig. 3: Mean temperature of the maximum daily temper-
ature data in the United States Mainland from 2010 to
2021. (a) Geographical distribution of the long-term mean
temperature over the 12-year period. (b) The time series of
mean temperature over the 12-year period.

the temporal mode 1, but their values are quite different.
The spatial mode 2 highlights the relatively hot areas and
relatively cold areas. The temporal modes 3 and 4 are rather
complicated, but the corresponding spatial modes 3 and 4
are intuitive for understanding the geographical distribu-
tion of these patterns. The spatial mode 3 roughly highlights
the eastern areas and the western areas, identifying different
characteristics. The spatial mode 4 identifies three areas
in which the eastern and western areas follow a similar
behaviour and the central areas another.

Recall that rank R is a key parameter of our model,
which also refers to the number of spatial/temporal modes.
Thus, the prescribed rank determines how many dominant
modes we discover. Fig. 5a, 5b, and 5c show the geograph-
ical distribution of spatial modes of the temperature data
achieved by our model with ranks R = 6,7, 8, respectively.
It is clear to see that the first four spatial modes achieved
by our model with ranks R = 6, 7,8 are same as the spatial
modes in Fig. 4a. As shown in Fig. 5a, 5b, and 5c¢, the spatial
modes achieved by our model with a relatively large rank
(e.g., R = 8) can cover the the spatial modes achieved by our
model with a relatively small rank (e.g., R = 6, 7). Further-
more, as the rank increases, the spatial modes achieved by
our model tend to reveal higher-frequency information and
more complicated patterns than the model with a relatively
small rank. Thus, these findings demonstrate that our model
is capable of effectively discovering dominant spatial and
temporal patterns from the real-world data.

In the above experiments, we use our model with order
d = 1. In practice, we can also set a relatively large order
for the time-varying VAR. Recall that we have two variables
associated with the spatial dimension, i.e., W € RN*E and
V € RENIXE in which we assume that the spatial modes
revealed by W do not change with the increase of the order
d. Fig. 6a and 6b show the spatial modes achieved by our
model with rank R = 4 and order d = 2, 3. These results
demonstrate that our model discovers similar spatial modes
with different orders.
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Fig. 4: Model application and results on the daily temperature data in the United States Mainland. (a) Geographical
distribution of four spatial modes of the temperature data achieved by our model. (b) Four temporal modes (over the
12-year period) of the temperature data achieved by our model. From the top panel to the bottom panel, we have the
temporal modes 1-4, respectively. (c) Four temporal modes (during the two years (730 days) from 2010 to 2011) of the

temperature data achieved by our model.
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Fig. 6: Geographical distribution of four spatial modes of the temperature data achieved by our model with rank R = 4.

4.4 NYC Taxi Trips

Human mobility data are always associated with strong
quasi-seasonality (e.g., weekly rhythms) and trends (e.g.,
decline of trips due to unplanned events like COVID-19): It
is therefore challenging to characterize these nonlinear and
time-varying system behaviors. In this work, we consider
to use an NYC (yellow) taxi trip dataset.* We use 69 zones
in Manhattan as pickup/dropoff zones and aggregate daily
taxi trip volume of the data from 2012 to 2021. Therefore,
the daily trip volume tensor is of size 69 x 69 x 3653. In the
following analysis, we aggregate the the trip volume tensor
as a pickup trip volume matrix and a dropoff trip volume
matrix, both of size 69 x 3653. The left panels of Fig. 8a
and 9a show the total pickup trips and total dropoff trips,
respectively. As can be seen, most pickup/dropoff trips are
created in the central urban areas of Manhattan.

le6

.
b
&

Fig. 7: Total dropoff trips minus total pickup trips in the 69
zones of Manhattan.

Fig. 7 visualizes the long-term changes of human mobil-
ity via the dropoff trips minus the pickup trips. The dropoff
trips are greater than the pickup trips in edges of urban
areas (see the red zones such as the Upper East Side of
Manhattan). In contrast, the pickup trips are greater than
the dropoff trips in the central urban areas (see the blue
zones). Therefore, it demonstrates the difference between
the pickup trips and the dropoff trips in the spatial context.

As shown in Fig. 8a and 9a, the spatial modes can explain
the long-term trip patterns of NYC taxi trips. The spatial
mode 1 essentially demonstrates the long-term patterns,

4. https:/ /wwwl.nyc.gov/site/tlc/about/tlc-trip-record-data.page

which is consistent with the total trips (see e.g., the left
panel of Fig. 8a). Other spatial modes can be used to reveal
the trip patterns of some specific zones. In terms of pickup
trips, Fig. 8b shows both the temporal mode 2 and two
trip time series curves of the highlighted zones (i.e., zones
161 and 237) in the spatial mode 2. The temporal mode 2
is informative before the COVID-19 pandemic and shows
consistent patterns with the daily trips of zones 161 and
237.5 Fig. 8c shows both the temporal mode 4 and three trip
time series curves of the highlighted zones (i.e., zones 107,
231, and 234) in the spatial mode 4. The temporal mode 4
reveals the patterns of trips before and during the COVID-
19 pandemic, but it shows a great change in March 2020.
Fig. 8d shows both the temporal mode 5 and two trip time
series curves of the highlighted zones (i.e., zones 170 and
186). The temporal mode 5 is consistent with the daily trips
of zones 170 and 186, and it also reveals the change of trips
in March 2020.

In terms of the dropoff trips, Fig. 9b shows both the
temporal mode 2 and three trip time series curves of the
highlighted zones (i.e., zones 161, 236, and 237). The tem-
poral mode 2 reveals the (weekly) seasonal patterns of trips
before the crisis of COVID-19. It is consistent with the daily
trips of these zones, showing strong quasi-seasonality before
the COVID-19 pandemic. It is clear to see the difference of
trip patterns before and during the COVID-19 pandemic.
Figure 9¢ shows both the temporal mode 4 and three trip
time series curves of the highlighted zones (i.e., zones 79,
234, and 249). The temporal mode 4 demonstrates the trip
patterns that are consistent with daily trips of these zones.
Figure 9d shows both the temporal mode 5 and the trip time
series curve of the highlighted zone 246. The temporal mode
5 is consistent with the daily trips of zone 246 before the
COVID-19 pandemic, and the pattern changes since March
2020. Remarkable trip reduction has been reported due to
the travel restriction during the COVID-19 pandemic.

5 CONCLUSION AND DISCUSSION

Spatiotemporal data are increasingly available due to the
remarkable development of sensing technologies and ad-

5. The unique zone identifiers are generated by the NYC Taxi and
Limousine Commission (TLC), and the taxi zone map is available
at https://wwwl.nyc.gov/assets/tlc/images/content/pages/about/
taxi_zone_map_manhattan.jpg.
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Fig. 8: NYC taxi pickup trips and their spatial and temporal modes achieved by our model. We zoom in the temporal
modes in the first four months of 2020. These modes reveal the total trip reduction due to the COVID-19 pandemic since
March 2020. (a) Total trips and spatial modes revealed by W. (b-d) refer to temporal modes 2, 4, 5, respectively; note that
the bottom panels of these temporal modes uncover the trip time series of certain taxi zones.
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Fig. 9: NYC taxi dropoff trips and their spatial and temporal modes achieved by our model. We zoom in the temporal
modes in the first four months of 2020. These modes reveal the total trip reduction due to the COVID-19 pandemic since
March 2020. (a) Total trips and spatial modes revealed by W. (b-d) refer to temporal modes 2, 4, 5, respectively; note that
the bottom panels of these temporal modes uncover the trip time series of certain taxi zones.

vanced information systems. These data provide unprece-
dented opportunities for discovering complicated dynamic
mechanisms and data patterns from nonlinear systems,
and it is essential to understand them through data-driven
approaches. Introducing reduced-rank VAR models such as
DMD into spatiotemporal data has been demonstrated to be
efficient for discovering spatiotemporal patterns [10], [11];
however, these models are sensitive to practical data noises
[23] and incapable of characterizing the time-varying system
behaviors of data. Therefore, it still demands data-driven
frameworks that are well-suited to spatiotemporal data.

To this end, this work presents a time-varying reduced-
rank VAR model for discovering interpretable modes from
time series, providing insights into modeling real-world

time-varying spatiotemporal systems. The model is built on
the time-varying VAR and allows one to compress the over-
parameterized coefficients by low-rank tensor factorization.
Experiments demonstrated that the model can reveal mean-
ingful spatial and temporal patterns underlying the time
series through interpretable modes. To evaluate the perfor-
mance, we test our model on several real-world spatiotem-
poral datasets, including fluid dynamics, SST, USA surface
temperature, and NYC taxi trips. Our model can discover
the underlying spatial patterns through the spatial modes
and identify the time-varying system behaviors through the
temporal modes.

Last but not least, there are several limitations in this
work, and overcoming them would be of interest to further



improve the rudimentary method proposed. For instance, it
is essential to develop efficient time-varying autoregression
models for spatiotemporal data in the presence of high-
dimensional time series. When the volume of data is too
large to fit in memory all at once and arrives incremen-
tally, adapting the time-varying autoregression models into
an online learning setting also has great potential to im-
prove the efficiency [37], [38]. Additionally, forecasting is
an important task for time series modeling [39], thus, it is
essential to develop time-varying autoregression models for
spatiotemporal data forecasting.

APPENDIX A
DMD oN FLuiD DYNAMICS

For comparison with the proposed model for discovering
interpretable modes from spatiotemporal data, we consider
DMD [10], [11] as an important baseline. Fig. 10 and 11 show
the spatial modes and the temporal modes achieved by the
DMD model, respectively. In contrast to the temporal modes
achieved by our model (see Fig. 1c), the temporal modes
achieved by DMD as shown in Fig. 11 is hard to reveal
the time-varying system behaviors, failing for capturing
the changing dynamics in this case. Comparing to DMD,
multiresolution DMD proposed by [33] still requires a well
designed scheme, and it requires fixed frequency in each
window. Going back to our model, it is fully time-varying,
making it more flexible than the DMD models.

Mean vorticity field Spatial mode 1

Fig. 10: Mean vorticity field and spatial modes of the fluid
flow achieved by DMD with the rank R = 7.
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Fig. 11: Temporal modes of the fluid flow achieved by DMD.
Seven panels correspond to the rank R = 7.
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