Applied Numerical Methods for Civil Engineering

CGN 3405 - 0002
Week 9: Introduction to Applied Linear Algebra: Part Il
Xinyu Chen

Assistant Professor

University of Central Florida



Quizzes Now!

® Today’s participation (ungraded survey): Please check out
“Class Participation Quiz 19"
Time slot: 2:30PM — 3:00PM

on Canvas.
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Inverse
©00000000

Adjoint of 3 x 3 Matrices

Adjoint matrix

® Purpose: It is primarily used to calculate the inverse of a matrix without
using Gauss elimination.

® The relationship between a matrix, its adjoint, and its inverse is defined
by:
- dj(A)
Al = ad]
det(A)

® Constraint: This formula only works if det(A) # 0.
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Inverse
000000000

Adjoint of 3 x 3 Matrices

a b c
Adjoint matrixof A= |d e f]|:
g h i

@ Calculate minors: Determinant of the 2 X 2 matrix that remains after
deleting the i-th row and j-th column, e.g.,

m11:det({2 ﬂ) =ei— fh

deleting row 1 and column 1.
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Inverse
000000000

Adjoint of 3 x 3 Matrices

a b c
Adjoint matrixof A= |d e f]|:
g h i

@ Calculate minors: Determinant of the 2 X 2 matrix that remains after
deleting the i-th row and j-th column, e.g.,

m11:det(2 {)zei—fh

deleting row 1 and column 1.

(d ] .
m12:det(_g {_):dszg
deleting row 1 and column 2.
4 o]
m13:det<_g Z_)zdh—eg

deleting row 1 and column 3.
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Inverse
00@000000

Adjoint of 3 x 3 Matrices

a b ¢
Adjoint matrixof A= |d e f]:
g h i

® Apply signs to create the cofactor matrix: The cofactor ¢;; is the minor
multiplied by (—1)“"7,

cij = (=1)"™7 - my
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Inverse
00@000000

Adjoint of 3 x 3 Matrices

a b ¢
Adjoint matrixof A= |d e f
g h i

® Apply signs to create the cofactor matrix: The cofactor ¢;; is the minor

multiplied by (—1)"*7,

cij = (=1)"™7 - my

o This creates a “checkerboard” pattern of signs:

o The resulting cofactor matrix C is:

C =

+mi1
—Mmai
+ms1

—mi12
+mo2
—m32

+mas
—Mma3
+ma33
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Inverse
[e]e]eY Jolelelele]

Adjoint of 3 x 3 Matrices

a b ¢
Adjoint matrixof A= |d e f]|:
g h 1

® Transpose of cofactor matrix C':

+mi1 —meo1  +ma

. T
adj(A) =C = |—mi2 +m2 —ma2
+mi3  —ma3  +mas3

switching the rows and columns.
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Inverse
0000@0000

Adjoint of 3 x 3 Matrices

Rethink one question: How to compute
8$1 -+ 2$2 — 2.’1}3 = -2
10111 -|— 21‘2 —+ 4133 =4
1221 + 222 + 223 =6

8 2 -2
Write down the adjoint matrix of A = (10 2 4
12 2 2
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Inverse
0000@0000

Adjoint of 3 x 3 Matrices

Rethink one question: How to compute
8$1 -+ 2$2 — 2.’1}5 = -2

10111 =+ 21‘2 —+ 4133 =4
1221 + 222 + 223 =6

8 2 -2
Write down the adjoint matrix of A = (10 2 4
12 2 2
@ Calculate minors:
mi=2x2—4x2=—4, miz =10 x 2 — 4 x 12 = —28,
mi3=10x2—-2x12=—4, mo1 =2x2—(=2)x2=8,
Moz = 8 x 2 — (—2) x 12 = 40, Mas =8x2—2x12=—8,

ma1 =2x4—(=2)x2=12, ma=8x4—(—2)x10 =52,
WL33:8X272><10:74

10/74



Adjoint of 3 x 3 Matrices

Rethink one question: How to compute
8xr1 + 2209 — 203 = —2
1021 + 222 + 4z3 = 4
1221 + 222 + 223 = 6

8 2 =2
Write down the adjoint matrix of A= |10 2 4
12 2 2
® Create cofactor matrix:
+mir —miz +mas -4 —(-28) —4
C=|-ma1 +ma -—-ma|=|—(8) 40 —(-8)
+mg1  —ms2  +mss 12 —(52) —4
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Inverse
000000000

Adjoint of 3 x 3 Matrices

Rethink one question: How to compute
8xr1 + 2209 — 203 = —2
1021 + 222 + 4z3 = 4
1221 + 222 + 223 = 6

8 2 =2
Write down the adjoint matrix of A= |10 2 4
12 2 2
® Create cofactor matrix:
+mir —miz +mas -4 —(-28) —4
C=|-ma1 +ma —ma|=|—(8) 40 —(-8)
+mg1  —ms2  +mss 12 —(52) —4
® Transpose of cofactor matrix:
-4 -8 12
adj(A)=C" = |28 40 —52
-4 8 -4
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Inverse
000000000

Adjoint of 3 x 3 Matrices

Rethink one question: How to compute

8x1 + 2x2 — 2x3 = —2 8 2 =2
10x1 + 222 + 43 =4 = A={(10 2 4
1271 + 272 + 223 = 6 12 2 2

® Adjoint matrix:

—4 -8 12
adj(A) = |28 40 —52
-4 8 -4

® Determinant:

det(A) =8x (2x2—-4%x2)—2x(10x2—-4x%x12)—-2x (10 x2—2x12)
=8x (—4) —2x (—28) —2 x (—4) = —32+ 56 + 8 = 32
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Inverse
000000080

Solve linear systems:

Adjoint of 3 x 3 Matrices

x=A"b
_ adj(A)
"~ det(A)
L[4 -8 127 (-2
=% 28 40 -—52 4
-4 8 -4 |6
1 [(—4) x (—2) +(-8) x4+12x6
= 28 x (—2) +40 x 4+ (—52) x 6
| (—4) x (=2)+8 x4+ (—4) x6
[ 48
1
= — | —208

1.5
—6.5
0.5
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Inverse
000000008

Inverse of 3 x 3 Matrices

® Definition:
—1 ad] (A)

= det(A)

® Requirement:
The inverse A™! exists if and only if det(A) # 0.

® Property:
AA ' =AT"A=T
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Orthogonality
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Orthonormal Matrix

® What happened when
ATA=AAT =T

A square matrix A is orthogonal matrix if its transpose is equal to its inverse
AT =A"1
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Orthogonality
0@0000000

Orthonormal Vectors

Definition: A collection of vectors a1, as,...,a, is orthonormal if
- 1, ifi=j,
a; a; = . .
0, ifi#j.
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Orthogonality
0@0000000

Orthonormal Vectors

Definition: A collection of vectors a1, as,...,a, is orthonormal if

- 1, ifi=j,
a; a; = . .
0, ifi#j.
@ The /2-norm of vectors is 1:

laill2=1, i=1,2,...,n
® Vectors are mutually orthogonal (i.e., inner product is zero):

aja; =0, i=1,2...n j=12..n i#j
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Orthogonality
00®000000

Orthonormal Vectors

Example:

® Three vectors:

0 1 1
a 0 a ! 1 a ! 1
1= 2= —= 3= —F= |-
1 V2 0 V2 0
® They are orthonormal because
o to-norm:  [jaa1 |2 = [laz]l2 = [las]l2 =1
. . T T T
® inner product: a,az=a,a3=asa3 =0
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Orthogonality
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Matrix with Orthonormal Columns

'alTal
a;al

Lan Q1

1 0
0 1

0 0

a; a2
as a2

a, a

.
| o

[0 7%% al as

ai an
as n

a;[ an,

then, A € R™*"™ has orthonormal columns.

Qn

A square real matrix with orthonormal columns is orthogonal matrix.
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[e]e]ele] Telelele)
Matrix-Vector Multiplication

If A € R"™" has orthonormal columns, then f(xz) = Az

® preserves inner product:

(Ac)" (Ad)
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[e]e]ele] Telelele)
Matrix-Vector Multiplication

If A € R"™" has orthonormal columns, then f(xz) = Az
® preserves inner product:
(Ac)" (Ad) =c" AT Ad
=c'd

® preserves (2-norm:
| Az
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[e]e]ele] Telelele)
Matrix-Vector Multiplication

If A € R"™" has orthonormal columns, then f(xz) = Az
® preserves inner product:
(Ac)" (Ad) =c" AT Ad
=c'd
® preserves (2-norm:
|Az|2 =V (Az)T Ax
=VaTAT Az
=VvzTzx
= [zl

® preserves angles:
(Ac)' (Ad)

) = 4G 4D
<os0) = T4ell, - [ Adl
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[e]e]ele] Telelele)
Matrix-Vector Multiplication

If A € R"™" has orthonormal columns, then f(xz) = Az

® preserves inner product:
(Ac)" (Ad) =c" AT Ad
=c'd
® preserves (2-norm:
|A|. = \/(Az)T Az
=VaTAT Az
=VvzTzx
= [zl

® preserves angles:

(Ac)' (Ad)
| Acl|z - [ Ad]|2
B c'd
lellz - lld]l2

cos(0) =
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[ee]elele] lelele)
Angle between Two Vectors

For vectors ¢ = (1,2,1)" and d = (0,2,0) :

® Angle
.
c'd V6
cos(f) = ——— =
O = ez al =3 2
0 X2
2 2
® Formatrix A= | g 2 _¥2],
2 2
-1 0 0
we have
-

Ad = (ﬁ \/5,0)T

25/74



[ee]elele] lelele)
Angle between Two Vectors

For vectors ¢ = (1,2,1)" and d = (0,2,0) :

® Angle
.
c'd V6
cos(f) = ——— =
O = ez al =3
0 X2
2 2
® Formatrix A= | g 2 _¥2],
2 2
-1 0 0
we have
-
.
Ad = (ﬁ V2, o)
(Ac)T (Ad) 4

= 0) = =
<50 = TAel, [ Adl> ~ V6 x 2
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Orthogonality
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Orthogonal Matrix

Solving linear systems:

® Linear equation with orthogonal coefficient matrix A € R™*":
Ax =0

solution is
z=A"b=A"b
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Orthogonality
000000000

Orthogonal Matrix

Solving linear systems:

® Linear equation with orthogonal coefficient matrix A € R™*":
Ax =b

solution is
z=A"b=A"b

® Example: Solve Az = b with

) gl ) el

solution is
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Orthogonality
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Quick Summary

Monday’s Class:

® Adjoint of 3 x 3 matrices (minors — cofactor matrix — transpose of
cofactor matrix)

® |nverse of 3 x 3 matrices

® Orthonormal vectors — orthogonal matrix (inner product, ¢2-norm, and
angles)
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Orthogonality
000000000

Quizzes Now!

® Today’s participation (ungraded survey): Please check out
“Class Participation Quiz 20"
Time slot: 2:30PM — 3:00PM

on Canvas.

30/74



LU Decomposition
©000000000000

Review: Gauss Elimination

® Problem:

3r1 + 2x2 = 18

1 2 N [A|b]:[3 2 18]

—x1 + 2x2 = 2 -1 2|2

® Upper triangular form:
{ 3 2 ‘ 18 ]
8
0 3|8
® Solution:
X1 = 47 T2 = 3
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0000000000000
LU Decomposition

® Concept: LU decomposition is a method that factors a square matrix A
into two triangular matrices:
o A Lower triangular matrix (L)

*
* ok .
(zeros above the diagonal)
* ok %
* * * *
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0000000000000
LU Decomposition

® Concept: LU decomposition is a method that factors a square matrix A
into two triangular matrices:

o A Lower triangular matrix (L)

*
* ok .
(zeros above the diagonal)
* ok %
* * * *

o An Upper triangular matrix (U)

* ok ok
*

*

(zeros below the diagonal)

* ¥ ¥ *

33/74



0000000000000
LU Decomposition

® Concept: LU decomposition is a method that factors a square matrix A
into two triangular matrices:

o A Lower triangular matrix (L)

*
* ok .
(zeros above the diagonal)
* ok %
* * * *

o An Upper triangular matrix (U)

* ok ok

o (zeros below the diagonal)

* ¥ ¥ *

® Math expression:
A=LU

® Efficiency: This is particularly useful when solving Az = b for multiple
different right-hand side vectors b.
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LU Decomposition
00®0000000000

LU Decomposition

If there exists A = LU, then the system Ax = b is solved in two distinct
steps:

® Forward Substitution: Solve
Ly=>b

for the intermediate vector y.

We use a unit lower triangular matrix such that

1

* 1 .

v % 1 (ones on the diagonal)
*  ox % 1
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LU Decomposition
00®0000000000

LU Decomposition

If there exists A = LU, then the system Ax = b is solved in two distinct
steps:

® Forward Substitution: Solve
Ly=>b

for the intermediate vector y.

We use a unit lower triangular matrix such that

1

* 1 .

v % 1 (ones on the diagonal)
*  ox % 1

® Back Substitution: Solve

for the final variables .
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LU Decomposition of 2 x 2 Matrices

Solve Ax = b?
® The linear system such that

==

® Assume the lower and upper triangular matrices:

110 _|ur ue2
s=p 4 we[o
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LU Decomposition
0000000000000

LU Decomposition of 2 x 2 Matrices

Solve Ax = b?
® The linear system such that

a b X1 o b1
C d o - b2
® Assume the lower and upper triangular matrices:
110 _|ur ue2
el O B
® | U decomposition:
1 0] Jur we| | wm U _|la b
LU_{K 1} {O U,3:|_|:A€‘U1 E-u2+uJ_[c d]

® Thus, we have

Uy = a

uz =b 1 0 a b
Cour = = L_L/a 1}’ U‘[o d—E-b}
[‘U2+U3:d How to find the solution ®?
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LU Decomposition
0000@00000000

LU Decomposition of 2 x 2 Matrices

® Problem:
3xr1 + 229 = 18 [ 3 2:|
= A=

—x1 + 229 =2 -1 2

® Assume the lower and upper triangular matrices:
_ 1 0 _ U1 uz
A A

® | U decomposition:

U1:3 U1:3
Ul U2 :|:|:3 2:| - ug = 2 - Us = 2
C-uy £-uz+us -1 2 £oug = —1 0=-1/3

{-us+uz =2 U3:8/3
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LU Decomposition
0000080000000

Forward & Back Substitutions

® (Forward) Solve Ly = b:

1 0f [y1| _ |bn
¢ 1 Y2 o b2
Solution of immediate variables y:

y1 = by, yo=ba—L-y1
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LU Decomposition
0000080000000

Forward & Back Substitutions

® (Forward) Solve Ly = b:

1 0f [y1| _ |bn
¢ 1 Y2 o b2
Solution of immediate variables y:

y1 = by, yo=ba—L-y1

® (Back) Solve Uz = y:

Solution of final variables x:

T2 = ?JQ/US, r1 = (yl — uQ;rz)/ul
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LU Decomposition
0000000000000

Forward & Back Substitutions
® (Forward) Solve Ly = b:
1 0 Y1 _ b1
c/a 1| |y2]|  |b2
Solution of immediate variables y:

C'b1

c
y1 = b1, Ey1+y2:b2 = Y2 =by—
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LU Decomposition
0000000000000

Forward & Back Substitutions
® (Forward) Solve Ly = b:
1 0 Y1 _ b1
c/a 1| |y2]|  |b2
Solution of immediate variables y:

C'b1

c
y1 = b1, Ey1+y2:b2 = Y2 =by—

® (Back) Solve Uz = y:

a b X1 _ b1
0 d—£-b |za] — |[bp— <2

Solution of final variables x:

_bil_b(a‘bzfc‘bl) _a-by—c-h
T W T a@d-tv) 0 T ad—tb)

Tl
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LU Decomposition
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Forward & Back Substitutions

Linear system Axz = b with n variables?

® lLet A = LU be the LU decomposition of A:

1 0 o --- 0 U1,1 U2 U3t Uln

la1 1 0 - 0 0 w22 u23 - U2n

L= %1 f2 1 - 0 v=|0 0  wusz - uUzm
lni lna lnz - 1 0 0 0 o U

b

® Forward substitution: Solving the lower triangular system Ly = b from
top to bottom:

y1 = b1
y2 =ba — Lo 11

Yn = bn - en,lyl — Zn,nflynfl
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LU Decomposition
0000000080000

Forward & Back Substitutions

Linear system Ax = b with n variables?
® let A = LU be the LU decomposition of A:

1 0 o --- 0 U1l U2 U3 vt Uln

la1 1 o -0 0 w22 w23 -+ U2n

L= 63,1 63’2 1 - 0 U = 0 0 us3 te U3,n
gn,l én,Q gn,B e 1 0 0 0 e Un,n

® Back substitution: Solving the upper triangular system Ux = y from
bottom to top:

Tn = yn/un,n

Tn—1 = (yn—l - Un—l,nwn)/un—l,n—l

21 = (Y1 — U1,2T2 — -+ — UL,nTn)/U1,1
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LU Decomposition
0000000008000

Solving Linear Systems

Solve the linear system Ax = b where

1 0 0] (2 4 2 -1
A=LU=1|2 1 0[]0 1 1 b=1|1
1 1 1{ |0 0 1

® Solve the lower triangular system Ly = b:

Y1 =—1
y2:1—2(—1):3
y3=2—(-1)—3=0

® Solve the upper triangular system Uz = y:

xr3 =
I2:3

x1=(—1—-4(3) —0)/2 = —13/2

46 /74



LU Decomposition
0000000000800

Quick Summary

Wednesday’s Class:
® FEssential idea of LU decomposition

® LU decomposition for solving Az = b
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0000000000080
Solving Linear Systems: Comparison

Solving the linear system with different methods:

3x1 + 220 = 18
—x1 + 220 = 2

@® Graphical method

3
T2 = *51’1+9

1
To = 51’1 +1
A Cramer's rule:
R det(A1) o = det(Ag)
' det(A) > 7 det(A)
® Inverse of matrix: Az =b = A l'Az=A"'0 = z=A"'b
Al = Z(eiigjg (adjoint matrix over determinant)

® Gauss elimination (including back substitution)
® LU decomposition (including both forward and back substitutions)
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LU Decomposition
0000000000000

Quizzes Now!

® Today’s participation (ungraded survey): Please check out
“Class Participation Quiz 21"
Time slot: 2:30PM — 3:00PM

on Canvas.
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Condition Number
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Condition Number

® Motivation: When solving Az = b, we assume our data (A and b) is
perfect.

In reality, data contains noise, measurement errors, or rounding errors.

® How stable is the solution of ?

A(z + Az) = (b+ Ab)
—_———r  ~—
output input

If we slightly change b by a small perturbation Ab, how does the solution of «
change? How large is Ax?
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Condition Number
000000000000

Condition Number

® Motivation: When solving Az = b, we assume our data (A and b) is
perfect.

In reality, data contains noise, measurement errors, or rounding errors.

® How stable is the solution of ?

A(z + Az) = (b+ Ab)
—_———r  ~—
output input

If we slightly change b by a small perturbation Ab, how does the solution of «
change? How large is Ax?

® Problem: Some systems are sensitive. A small change in the input can
lead to a massive change in the output.
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Condition Number
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Condition Number

® Definition: The Condition Number x(A) is a measure of how sensitive
a linear system is to these small errors

K(A) = | AllF-|A7
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Condition Number
0e0000000000

Condition Number

® Definition: The Condition Number x(A) is a measure of how sensitive
a linear system is to these small errors.

K(A) = | AllF-|A7

o Frobenius norm of A:
|AllF =

o f2-norm of x:
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Condition Number
0e0000000000

Condition Number

® Definition: The Condition Number x(A) is a measure of how sensitive
a linear system is to these small errors.

K(A) = | AllF-|A7

o Frobenius norm of A:
|AllF =

o f2-norm of x:

® |t always holds that x(A) > 1.
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Condition Number
0O0@000000000
Condition Number: Derivation (Optional)

Prove that [|[Az|2 < ||AllF - ||2])2-
® |letdi,ds,...,d, be the rows of the matrix A.

[Az); = d/ x

Each element is the inner product of the i-th row and x.
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Condition Number
0O0@000000000
Condition Number: Derivation (Optional)

Prove that [|[Az|2 < ||AllF - ||2])2-
® |letdi,ds,...,d, be the rows of the matrix A.

[Az); = d/ x
Each element is the inner product of the i-th row and x.

® By the Cauchy-Schwarz inequality for vectors, the absolute value of the
inner product is bounded by the product of their £2-norms:

[Az]i| = |d/ @] < ||di]l2 - |||z

® Square both sides and sum:

n

|Acli =3 |l af? < (z ||di||§> Nl = A - el
=1

i=1

56 /74



Condition Number
0O0@000000000
Condition Number: Derivation (Optional)

Prove that [|[Az|2 < ||AllF - ||2])2-
® |letdi,ds,...,d, be the rows of the matrix A.

[Az); = d/ x
Each element is the inner product of the i-th row and x.

® By the Cauchy-Schwarz inequality for vectors, the absolute value of the
inner product is bounded by the product of their £2-norms:

[Az]i| = |d/ @] < ||di]l2 - |||z

® Square both sides and sum:

n

Az = |d/ =

i=1

IN

<Z IIdiII§> lllz = [l - fl23
i=1

® Take the square root of both sides:
Az|2 < || AllF - [zl
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Condition Number
000800000000
Condition Number: Derivation

Prove that
[Az||2/||z(]2

<||Allp-|A T F = w(A

® From the linear system A(x + Ax )= (b+ Ab), we have

error & — @

AAzx = Ab

® How the relative error in output ||Ax||2/]|x||2 is related to the relative
error in the input ||Ab||2/|[b][27?
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Condition Number
000800000000
Condition Number: Derivation

Prove that
[Az||2/||z(]2

<||Allp-|A T F = w(A

® From the linear system A(x + Ax )= (b+ Ab), we have

error & — @

AAzx = Ab

® How the relative error in output ||Ax||2/]|x||2 is related to the relative
error in the input ||Ab||2/|[b][27?

[Az|2/||zll2 _ [|Az]l2 - [|b]|2

1Ab]l2/ (Bl [|Abll2 - [
_ 1A Ab|, - || Az|

[Ab]2 - 22
1A e 8Bl - [A]lr - [l]s
= [AB]> - ]

= A7 |AllF = K(A)
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Condition Number
0000e0000000

Error Bound

® Condition number:

[Az|2/ ||| 1
T < Al - [[AT |r = x(A)
|Ab||2/][b]]2
® Error bound: Az 1Ab]
x|z 2
T SR(A) e
ll|2 [[B]]2
Output error Input error

o Input error: The noise or uncertainty in your starting data.
o Condition number: A multiplier (the sensitivity of the system).
o Qutput error: The maximum possible inaccuracy in your result.
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Condition Number
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Condition Number: Description

The condition number measures how sensitive a mathematical problem is to
small changes in input data (such as measurement errors or rounding).

Condition Number Description Sensitivity

Small changes in input result in
Small (Close to 1) Well-Conditioned  small changes in output.
The solution is reliable.

Small changes in input can cause
Large (10%,10°%,...) lll-Conditioned remarkable changes in output.
The solution is unstable.

® |n structural analysis, ill-conditioning often occurs in models with vastly
different stiffnesses.
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Condition Number
00000000000

lll-Conditioned Systems

® Problem:
x1 + 222 = 10

1.1z + 222 =104

® Exact solution: Solving this system yields 1 = 4 and z2 = 3.
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Condition Number
00000000000

lll-Conditioned Systems

® Problem:
x1 + 222 = 10

1121 + 222 = 10.4
® Exact solution: Solving this system yields 1 = 4 and z2 = 3.
® What happens with a small change in b?
o Let’s change the right-hand side constant b, from 10.4 to 10.8:
x1 + 222 = 10
1.1x1 4+ 222 = 10.8
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Condition Number
00000000000
lll-Conditioned Systems

® Problem:
x1 + 222 = 10
1.1z1 + 222 = 104
® Exact solution: Solving this system yields 1 = 4 and z2 = 3.
® What happens with a small change in b?
o Let’s change the right-hand side constant b, from 10.4 to 10.8:
x1 + 222 = 10
1.1x1 + 222 = 10.8
o Subtract the equations: 0.1z; = 0.8 = z; = 8

o Substitute back: 8 + 222 =10 = 22 =1

® Result: A small change in the input vector b caused the solution to jump
from (4, 3) to (8,1).

® Small change in b — remarkable change in «
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Condition Number
000000080000

lll-Conditioned Systems

Why is this happening?

. 1 2
® For matrix A = L'l 2}

o Frobenius norm of A:

I Allr = 12+ 22 + 1.12 + 22 = v/10.21 ~ 3.195
o Inverse of A:

-1 adj(A) 1 2 2] [-10 10
" det(A)  —02|-11 1] |55 -5

o Frobenius norm of A™!:

A" F = /(—=10)2 + 102 + 5.52 + (—5)2 = v/255.25 ~ 15.977
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Condition Number
000000080000

lll-Conditioned Systems

Why is this happening?

. 1 2
® For matrix A = L'l 2}

o Frobenius norm of A:

I Allr = 12+ 22 + 1.12 + 22 = v/10.21 ~ 3.195
o Inverse of A:

-1 adj(A) 1 2 2] [-10 10
" det(A)  —02|-11 1] |55 -5

o Frobenius norm of A™!:

A" F = /(—=10)2 + 102 + 5.52 + (—5)2 = v/255.25 ~ 15.977
® Condition number:

k(A) = |Allr-||A”"||F ~ 51.05
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lll-Conditioned Systems

Geometric Perspective:

® Geometrically, solving a 2 x 2 system is finding the intersection of two

lines.
® Equation 1:
r9 = —0521+5
N~~~
slope
® Equation 2:

T2 = —0.55x1 + 5.2
——
slope
® The lines are nearly parallel.

® A very small shift in one line moves the intersection point a great distance
along the other line. This is the intuition of an ill-conditioned system.

67/74



Condition Number
000000000800

Well-Conditioned Systems

® Problem:
3z1 + 220 = 18

—x1 + 229 = 2

® Exact solution: Solving this system yields z1 = 4 and z2 = 3.
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Well-Conditioned Systems

® Problem:
3z1 + 220 = 18

—x1 + 229 = 2
® Exact solution: Solving this system yields z1 = 4 and z2 = 3.
® What happens with a small change in b?

o Let's introduce a small change to the right-hand side. Change b2

from 2 to 2.4:
3x1 + 222 = 18

—x1 + 212 =24
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Well-Conditioned Systems

® Problem:
3z1 + 220 = 18

—x1 + 229 = 2
® Exact solution: Solving this system yields z1 = 4 and z2 = 3.
® What happens with a small change in b?

o Let's introduce a small change to the right-hand side. Change b2

from 2 to 2.4:
3x1 + 222 = 18

—x1 + 212 =24

o Subtract the two equations: 4z = 15.6 = 1 = 3.9
o Substituting back: —3.9 + 229 =24 = 222 = 6.3 = 22 = 3.15

® Small change in b — small change in
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Well-Conditioned Systems

Why is this happening?

. 3 2
® For matrix A = {_1 2}
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Well-Conditioned Systems

Why is this happening?

-1 2

o Frobenius norm of A:

AllF = /3% +22 4+ (-1) + 22 = 3V2

® For matrix A = { 3 2}

o Inverse of A:

A _adia) 12 -2
~ det(A) 8|1 3
o Frobenius norm of A™!:
_ 3v2
HA 1HF = s
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Why is this happening?

-1 2

o Frobenius norm of A:

AllF = /3% +22 4+ (-1) + 22 = 3V2
2 =2
1 3

3v2
8

® For matrix A = { 3 2}

o Inverse of A:
—1 _ ad](A)
det(A)

o Frobenius norm of A™!:

1
8

A= F =

® Condition number:
_ 9
K(A) = |Allr-|A™ r = 1 =225

® [nterpretation: Since the condition number is very close to 1, the system
is well-conditioned.
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Quick Summary

Friday’s Class:
® Definition of condition number
® Derivation of condition number

® |ll-conditioned system vs. well-conditioned system
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