Applied Numerical Methods for Civil Engineering

CGN 3405 - 0002
Week 8: Introduction to Applied Linear Algebra: Part |
Xinyu Chen

Assistant Professor

University of Central Florida



Quizzes Now!

® Today’s participation (ungraded survey): Please check out
“Class Participation Quiz 16"
Time slot: 2:30PM — 3:00PM

on Canvas.
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Linear Systems
@00

Linear Systems

® A system of linear equations:
a1171 + a12%2 + - + A1nTn = b1

a2171 + @222 + -+ + a2nTn = b2

An1T1 + An2T2 + -+ + AnnTn = bn
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Linear Systems
@00

Linear Systems

® A system of linear equations:
a1171 + a12%2 + - + A1nTn = b1

a2171 + @222 + -+ + a2nTn = b2

An1T1 + An2T2 + -+ + AnnTn = bn

® A system of n linear algebraic equations:

n
E Qi3T5 = bi
i=1

fori=1,2,...,n.
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Linear Systems
©00

Linear Systems

® A system of linear equations:

1171 + @122 + - - + A1nTn = b1
a21T1 + ag2T2 + - -+ + a2nTn = b2

An1x1 + An2X2 + -+ + ApnTn = bn
® A system of n linear algebraic equations:
n
E Qi3T5 = bi
j=1

fori=1,2,...,n.
® Matrix form Az = b

® Focus: The existence and uniqueness of solutions
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Linear Systems
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Structural Stiffness Analogy

In civil engineering:
Ku=F

® K is the global stiffness matrix

® wu is the displacement vector (unknowns)

® F'is applied nodal loads
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Linear Systems
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Matrix Equation

In the field of control theory, how to find unique solution to X7

® A Lyapunov equation is a matrix equation of the form:
A'X+XA=C

for any A € R™*™ and C € R™"*"

® A Sylvester equation is a matrix equation of the form:
AX+XB=C

for any A e R™*™ B € R™"*™, and C € R™*"
y
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Transformation
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Linear Transformation

® Definition: Just as a linear function f(z) = az scales a number z, a
linear transformation f(x) = Ax maps a vector € R" to another
vector Az € R™.

e Key Difference: In a linear transformation, the input and output are
vectors rather than single scalar numbers.

® Mechanism: The transformation occurs by moving the vector & to a new
position Ax through the operation of matrix A.
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Transformation
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Linear Transformation

—1
@ Identify Basis Vectors: Extract the column vectors of matrix A:

i [

To understand Ax geometrically, consider A = B ﬂ and x = [ 2 }
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Transformation
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Linear Transformation

3 4 —1
@ Scale the Basis: Multiply each basis vector by 2 and —1:

Jesf] o [lrco-[

To understand Ax geometrically, consider A = F 2} and x = [ 2 }
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Transformation
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Linear Transformation

—1
® Vector Addition: Sum the scaled vectors to find the transformed vector:

ol == 1]

To understand Ax geometrically, consider A = B ﬂ and x = [ 2 }
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Transformation
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Linear Transformation

Understand Ax geometrically

], we have

<[] =+ =[]

NI= DN

® Consider A = E _31] and x = {

e -l

N —




Transformation
[e]e]ele] ]

Linear Transformation

Understand Ax geometrically

® Consider A = 2 -1 and x = % , we have
1 3 5

ao=fi S fle2 BB [F]-[

Y




Transformation
[e]e]ele] ]

Linear Transformation

Understand Ax geometrically

® Consider A = 2 -1 and x = % , we have
1 3 5

RN R

Y
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Multiplication
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Matrix Multiplication

® |f C = AB, then the element ¢;; is defined by the inner product:

m
Cij = E @i by
k=1
® Example: Define two matrices:

a=ls == 4]
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Multiplication
@00

Matrix Multiplication

® |f C = AB, then the element ¢;; is defined by the inner product:
Cij = Z @i by
k=1
® Example: Define two matrices:
1 2 5 6
A=l m=[
To find each element c;;, we take the inner product of the i-th row of A

and the j-th column of B:

Forcip: (1x5)+(2x7)=5+14=19
For ci2: (1 x6)+(2x8)=6+16 =22
For co1: (3% 5)+ (4% 7) =15+ 28 = 43
For ca2: (3% 6) + (4 x 8) = 18 + 32 = 50

® Python programming: C = A @ B

[e]
[e]
[¢]
[e]
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Multiplication
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Matrix Multiplication

® Complexity: O(n*) operations for two n x n matrices
® Why is it O(n?)?

o There are n? total elements in the resulting matrix (2 x 2 = 4)

o To calculate each element, we perform n multiplications (2 in this
case)

o Total operations =~ n? x n = n®
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Multiplication
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Matrix Multiplication

Given A = [:l)) i] and X = {5 6 7}, compute AX.

8 9 10
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Multiplication
[ofe] ]

Matrix Multiplication

Given A = [:l)) i] and X = {5 6 7}, compute AX.

8 9 10
1x542x8 1x6+2x9 1x7+2x10
3x54+4x8 3x64+4x9 3xT7T4+4x10

21 24 27
~ 47 54 61

|
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Determinant
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Determinant of Matrix

® Definition: The determinant is a scalar value that can be computed from
the elements of a square matrix, i.e., det : R"*™ — R

® Geometric Significance: It represents the volume scaling factor of the
linear transformation described by the matrix

® Singularity: If the determinant is zero, the matrix is singular, meaning
the system of equations Ax = b may have no unique solution

® Python: np.linalg.det(A)
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Determinant of Matrix

Matrix of size 2 x 2:

d

o[t ) -

® The determinant of {Z b] is

21/81



[e] Jelelelele]e]
Determinant of Matrix

Matrix of size 2 x 2:

d

o[t ) -

® |ntuitive understanding of det (B ﬂ) =1

® The determinant of {Z b] is

o Draw column vectors B} and {(1)] the areais 1
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[e]e] lelelele]e]
Determinant of Matrix

Matrix of size 2 x 2:

d

o[t ) -

® |Intuitive understanding of det (ﬁ (1)}) =0-1=-1

® The determinant of {i b] is

o Draw column vectors {ﬂ and {1

0] the area is 1 (reversed direction)
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Determinant
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Determinant of Matrix

® |ntuitive understanding of the determinant of A = ﬁ g}

1 2
o Areais 4, sodet(A) =4

o Draw column vectors {2} and {O]

Y
A
3””””,7\‘
|
2 7 }
A }
\
1 ,,,,,,,,
|
1
>
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Determinant
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Determinant of Matrix

® Intuitive understanding of the determinant of A = B ﬂ

o Draw column vectors E} and E]

o Areais 3 x 3v/2 x v/2 = 3 (reversed direction), so det(A) = —3

y
\
Sfp- 7
/,/:’/\
21 - 32
I :(, / :
S AA
| | |
[~ ! !
T 2 3 v
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Determinant
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Determinant of Matrix

Matrix of size 3 x 3:

2 1 1
® |ntuitive understanding of the determinantof A= (1 2 1
0 0 3
2 1 1
o Draw column vectors |1, |2, and |1|, volume det(A) =9
0 0 3
Yy
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Determinant
[ee]e]e]e]e] o]

Quick Summary

Monday’s Class:
® A system of linear equations
® Linear transformation
® Matrix multiplication

® Determinant of square matrices
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Determinant
O000000e

Quizzes Now!

® Today’s participation (ungraded survey): Please check out
“Class Participation Quiz 17"
Time slot: 2:30PM — 3:00PM

on Canvas.
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Solving Linear Systems
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General Form of Linear Systems

® A set of n linear equations with n variables:

1171 + @122 + -+ + a1nTn = b1
@211 + G222 + -+ + A2nTn = b2

An1T1 + an2Z2 + *+* + QnnTn = bn

o a;j: constant coefficients
o b;: constants (right-hand side)
o x;: variables to be solved

® The system can be written compactly as Az = b such that

a1 a2 - Gin 1 b1
az1 @22 -+ G2n T2 bo

>

I
8
I
o
I
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Solving Linear Systems
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Methods for Small Systems (n < 3)

For small systems, we can use:
® Graphical method (2 equations only)
® Cramer’s rule (using determinants)

® Elimination of variables
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Solving Linear Systems
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Graphical Method

® For two equations:
a1121 + a1222 = by

G211 + a2272 = b2

® Solve each for zs:

ai b1
To=——""2T1+ —
a2 a2
a1 b2
o= — gy 4 22
az2 a2

® |ntersection is the solution.
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Solving Linear Systems
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Graphical Method

® Problem:
3x1 + 222 = 18

—x1 + 212 =2

® Solve each for x2: 5
To=—-21+9

2

1
—x 1
2T1 +

€2
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Solving Linear Systems
000@00000000000000000000000000
Graphical Method

® Problem:
3x1 + 222 = 18

—x1 + 212 =2
® Solve each for x2:

3
To = —§.T1—|—9

1
—x 1
2T1 +

)
N}
I
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Solving Linear Systems
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Determinants of 2 x 2 or 3 x 3 Matrices

® The determinant of A = {3 cbl} is

det (A) = ad — be
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Solving Linear Systems
000000000000000000000000000000

Determinants of 2 x 2 or 3 x 3 Matrices

® The determinant of A = {3 cbl} is

det (A) = ad — be

a b ¢
® The determinantof A= |d e f] is
g h 1

N | T )
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Solving Linear Systems
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Determinants of 2 x 2 or 3 x 3 Matrices

2 1 1
Compute the determinantof A= |1 2 1|7
0 0 3

det(A):Zxdet([(Q) },)D—lxdetq(l) é})wo‘“([é SD

=2x6—-1x34+0=9

Y
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Solving Linear Systems
000000000000000000000000000000

Determinants of 2 x 2 or 3 x 3 Matrices

2 -3 1
Compute the determinantof A= |2 0 —1]|7?
1 4 5
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Solving Linear Systems
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Cramer’s Rule

® Each variable is a fraction of two determinants:

5 — det(Az)
Tt det(A)
where A; is matrix A with column ¢ replaced by the right-hand side

vector b.
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Solving Linear Systems
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Cramer’s Rule

® FEach variable is a fraction of two determinants:
_det(Ay)
~ det(A)
where A; is matrix A with column ¢ replaced by the right-hand side
vector b.
® For two equations:
a11%1 + a12x2 = by

a2171 + a2272 = ba

® Solution:
b1 a2
det
" det(Al) ¢ ([ @J) _ biazz —aizbe
! det(A a1l ai2 a11a22 — Q12021
a1 G22
by
det
. det(Ag . ¢ ([ b2:|> _ a11bs — biras
2= det(A {au alz}) " G11022 — Q12021
det
a1
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Solving Linear Systems
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Cramer’s Rule

® Problem:
3x1 4+ 2x2 =18
1+ 222 N A:[:s 2]7 b:{IS]
—x1 + 220 = 2 -1 2 2
® Determinants:
det(A) =8

det(Ar) = det ({128 ;D _ 32

det(Asz) = det q 2 128}) —
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Solving Linear Systems
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Cramer’s Rule

® Problem:
3x1 4+ 2x2 =18
1+ 222 N A:[:s 2]7 b:{IS]
—x1 + 220 = 2 -1 2 2
® Determinants:
det(A) =8

det(Ar) = det ({128 ;D _ 32

det(Asz) = det q 2 128}) —
det(As)

det(A1) =4 and 9 = ———=% = 3.

® Solution: 1 = “det(A) det(A)

41/81



Solving Linear Systems
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Cramer’s Rule

® For two equations:
a1121 + a1222 = by

a2121 + G2222 = bo
® Basic strategy:

o Multiply equations by constants:

1102171 + 012a21T2 = G21b1 (multiply by a21)

a21a1171 + a22a11T2 = a11b2 (multiply by a11)
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Solving Linear Systems
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Cramer’s Rule

® For two equations:
a1121 + a1222 = by

a2121 + G2222 = bo
® Basic strategy:

o Multiply equations by constants:
1102171 + 012a21T2 = G21b1 (multiply by a21)
a21a1171 + G22a11T2 = a11b2 (multiply by a11)
o Subtract to eliminate z1:
(a22a11 - a12a21):c2 = a11b2 —a21by

o Solution:

_anb2 —azb = _ biazz —aizhs

1
22011 — 12021 ai1az22 — ai12a21
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Solving Linear Systems
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Gauss Elimination

® Problem:
8r1 + 2290 — 203 = —2

10331 + 2.T2 + 4x3 =4
1221 4+ 222 + 223 = 6
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Solving Linear Systems
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Gauss Elimination

® Problem:
8r1 + 2290 — 203 = —2

10%1 + 2.T2 + 4x3 =4
1221 4+ 222 + 223 = 6
* Multiple the st equation by 1 = 1.25:
1021 + 2.522 — 2.5x3 = —2.5
® Subtract this from the 2nd equation:

—0.522 +6.523 = 6.5

45/81



Solving Linear Systems
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Gauss Elimination

® Problem:
8r1 + 2290 — 203 = —2
10%1 + 2.T2 + 4x3 =4
1221 4+ 222 + 223 = 6
* Multiple the st equation by 1 = 1.25:

10z; + 2.522 — 2.523 = —2.5

Subtract this from the 2nd equation:

—0.522 +6.523 = 6.5

® Multiple the 1st equation by 2 = 1.5:

1221 + 322 — 323 = —3

Subtract this from the 3rd equation:
—x9 +br3 =9
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Solving Linear Systems
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Gauss Elimination

® Now, we have

8xr1 + 229 — 203 = —2 8r1 + 220 — 223 = —2
10z1 + 222 + 423 =4 = —0.522 + 6.523 = 6.5
1221 + 222 + 223 = 6 —x2 +5x3 =9

® Multiple the 2nd equation by ﬁ =2:
—xo + 1323 =13

® Subtract this from the 3rd equation:

—8113 = —4
® The problem becomes
8T1 + 2x2 — 223 = —2 1 =15
—0.5z2 + 6.523 = 6.5 = T2 = —6.5
—8rz = —4 x3 =0.5
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Solving Linear Systems
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Gauss Elimination

Write the system in the form of augmented matrix:

8xr1 + 220 — 223 = —2 8 2 92| -9
1021 + 222+ 423 =4 = [A|bl=|10 2 4 | 4
1221 4 20 4 223 = 6 122 216

® System after first elimination:

8 2 -2 | -2
0 —05 65|65
0 -1 5 9

Now z1 is eliminated from Rows 2 and 3.
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Solving Linear Systems
000000000000 e00000000000000000
Gauss Elimination

Write the system in the form of augmented matrix:

8xr1 + 220 — 223 = —2 8 2 92| -9
10z, + 222 + 423 =4 = [A | b] = 10 2 4 4
12 2 2 6

1221 + 222 + 223 = 6

® System after first elimination:

8 2 2| =2

0 -05 6.5]6.5

0o -1 5 9
Now z1 is eliminated from Rows 2 and 3.

® Upper triangular form:

8 2 -2 | -2
0 —05 65|65
0 0 -8 | —4

Now we can solve by back substitution.
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Solving Linear Systems
000000000000 0e0000000000000000
Gauss Elimination

® A set of n linear equations with n variables:

1171 + @122 + -+ + A1nTn = b1
@211 + G222 + - - + A2nTn = b2

Ap1T1 + An2T2 + -+ + AnnTn = bn

® Multiple the first equation by #2-

a21 a1
a21x1 + —ai2xr2 + -+ 7alnxn =—b
ail a1l a1l
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Solving Linear Systems
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Gauss Elimination

® A set of n linear equations with n variables:

1171 + @122 + -+ + A1nTn = b1
@211 + G222 + - - + A2nTn = b2

Ap1T1 + An2T2 + -+ + AnnTn = bn

* Multiple the first equation by ¢21:

az1 a1 a1
a21%1 + ——a12%2 + -+ —— @12 Tp = —b1
aill aii aii

® Subtract this from the second equation:

a1 a1 a1
(azz - 7a12> T2+ -+ (azn - 7a1n> Tn =ba — 751
——— — N——r

11 11 11
— _ =}
= Qg = Qgp by

® Denote new coefficients as abs, . . ., ab, and b
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Solving Linear Systems
000000000000008000000000000000

Gauss Elimination

Continue elimination:

® Repeat until the system is upper triangular:

ail a2 a3z - Ain x1 b1
! I ! /
0 G2 Q23 (<57 T2 by
" " i
0 0 asz a3n 3| — b3
n—1 n—1
0 0 0 - oV [zn b

® Back substitution:

b b — al e
In = 5 Tn—1 = —
al aizn— 1221 -1

® In general:

n
i—1 i—1
oY = 3 af Ve
j=i+1
ali ™V

Ty =
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Solving Linear Systems
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Gauss Elimination

® Problem:
2r1 +x0 —x3 =1
Sx1+ 2z +2z3=—-4 = [A|b=
3x1 +x2 + 73 =5

w TN
— N
N
|
=~
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Solving Linear Systems
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Gauss Elimination

® Problem:
221+ a2 —w3 =1 2 1 -1 1
Sz1+2z2+2z3=—-4 = [A|bl=|5 2 —4
3x1 +x2 + 73 =5 311 5

® System after first elimination:

2 1 -1 1
0 —05 45| —-6.5
0 —-05 25| 3.5
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Solving Linear Systems
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Gauss Elimination

® Problem:
201+ 22 —x3 =1 2 1 —-11] 1
Sx1+2x2+2z3=-4 = J[A|bl=|5 2 2 | -4
3 1 1 5

3z1+x2+23=5

® System after first elimination:

2 1 -1 1
0 —05 45| —-6.5
0 —-05 25| 3.5

® Upper triangular form:

2 1 -1 1

0 —-05 45| —6.5

0 0 -2 10
® Solution:

xr1 = 14, To = —32, xr3 = -5
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Solving Linear Systems
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Quick Summary

Wednesday’s Class:

® Small systems can be solved graphically, by Cramer’s rule, or by
elimination

® Determinants indicate singularity (zero) or ill-conditioning (near zero)
® Gauss elimination extends elimination to n equations

® Two phases: forward elimination — upper triangular, then back
substitution
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Solving Linear Systems
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Quizzes Now!

® Today’s participation (ungraded survey): Please check out
“Class Participation Quiz 18"
Time slot: 2:30PM — 3:00PM

on Canvas.
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Solving Linear Systems
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Singular Matrix

® A matrix is singular if the determinant is zero, i.e., det(A) =0

® Meaning: No unique solution for Az = b
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Solving Linear Systems
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Singular Matrix

® A matrix is singular if the determinant is zero, i.e., det(A) =0
® Meaning: No unique solution for Az = b

® Example:
3xr1 + 220 = 18

6x1 + 4x2 = 10

3 2

o Determinant: det <{6 4

}):3><472><6:O
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Solving Linear Systems
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Singular Matrix

® A matrix is singular if the determinant is zero, i.e., det(A) =0

® Meaning: No unique solution for Az = b

® Example:
3xr1 + 220 = 18
6x1 + 4x2 = 10

o Determinant: det <{2 ﬂ) =3x4-2x6=0
o Graphical method:

3
172=*§961+9
T —§x +§

2 2712

No intersection — No solution!
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Solving Linear Systems
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Singular Matrix

3 X 3 matrix:

b

Il
— O
— = O
N — =
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Solving Linear Systems
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Singular Matrix

3 X 3 matrix:

1 0 1
A=(0 1 1
1 1 2

® Determinant:
det(A)=1x(2-1)-0x(0—-1)+1x(0-1)=1-1=0

® Geometric result: The three vectors lie on the same two-dimensional
plane. The volume they span is zero.
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Solving Linear Systems
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Identify Matrix

Some examples of identity matrix I:

1 0 0 0
1 0 é(l)g 01 0 O
0 1 00 1 0 0 1 0
0 0 0 1

2 X 2 matrix
3 X 3 matrix
4 X 4 matrix
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Solving Linear Systems
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Identify Matrix

Some examples of identity matrix I:

1 0 O 0

1 0 0 O 01 0 0

1 0 é (1) g 0 1 0 O 00 1 0
0 1 0 0 1 0

\0 0 1, 0 0 0 1 e S

2 % 2 matrix 3 X 3 matrix S— O 0 0 1

4 X 4 matrix

n X m matrix
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Solving Linear Systems
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Identify Matrix

Multiplication of identity matrix I:

® Between identify matrix and any matrix:

o 0=l ]

® Between identity matrix and any vector:

b A ] =[
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Solving Linear Systems
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Inverse of Matrix

® Analogy: Just as the reciprocal of a number a is 1/a (where
a-a~' =1), a square matrix A may have an inverse A™".

e Core property: AA™'=A"1A=1.

1 0 O 0
0 1 0 0
Identify matrix: I = 0 0 1 0
0 0 O 1
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Solving Linear Systems
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Inverse of Matrix

® Analogy: Just as the reciprocal of a number a is 1/a (where
a-a~' =1), a square matrix A may have an inverse A™".

e Core property: AA™'=A"1A=1.

1 0 O 0
0 1 0 0
Identify matrix: I = 0 0 1 0
0 0 O 1

® Requirement: The inverse A~! exists if and only if the matrix is
non-singular, meaning det(A) # 0.

® If det(A) = 0, the matrix is singular and has no inverse.
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Solving Linear Systems
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Inverse of Matrix

The inverse of 2 x 2 matrix A = {Z Z}

1. Calculate the determinant:
det(A) = ad — be

2. Construct the adjoint matrix:
adj(A) = {7

o Swap the main diagonal elements (a and d)
o Change the signs of the off-diagonal elements (b and ¢)
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Solving Linear Systems
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Inverse of Matrix

The inverse of 2 x 2 matrix A = {Z Z}

1. Calculate the determinant:

det(A) = ad — be
2. Construct the adjoint matrix:

i) = [ 4,7

—C a

o Swap the main diagonal elements (a and d)
o Change the signs of the off-diagonal elements (b and ¢)

3. Divide the entire result by the determinant:

Ao _adit) 1 d b
~det(A)  ad—bc|—c a
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Solving Linear Systems
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Inverse of Matrix

® The inverse of 2 X 2 matrix A = {z b}:

d
Al — adj(A) 1 d -b
det(A) ad —bc |—c a
. . 2
® Given the matrix A = [ 9
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Solving Linear Systems
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Inverse of Matrix

® The inverse of 2 X 2 matrix A = {z Z}

R =

® Given the matrix A = [_31 ;]

o The determinant det(A) =3x2—-2x (-1)=6+2=38
o The adjoint matrix:

. 2 -2
o The inverse of matrix:

-8l |

1
8
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Solving Linear Systems
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Inverse of Matrix

® The inverse of 2 X 2 matrix A = {z Z}

R =

® Given the matrix A = [_31 ;]

o The determinant det(A) =3x2—-2x (-1)=6+2=38
o The adjoint matrix:

. 2 -2
o The inverse of matrix:

-8l |

1
8
o Verify AA™' =17
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Solving Linear Systems
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Inverse of Matrix

import numpy as np

A = np.array([[3, 2], [-1, 211)
A_inverse = np.linalg.inv(A)
print (A_inverse)

[ T N T N
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Solving Linear Systems
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Solving Linear Systems
For the linear system Ax = b:

® Multiple both sides by the inverse A~

A'Az=A""b
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Solving Linear Systems
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Solving Linear Systems

For the linear system Ax = b:

® Multiple both sides by the inverse A~
A'Az=A""b
® Core property: A™'A = I (identify matrix):

Iz=A""
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Solving Linear Systems
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Solving Linear Systems

For the linear system Ax = b:

® Multiple both sides by the inverse A~
A'Az=A""b
® Core property: A™'A = I (identify matrix):
Iz=A""b

® The solution to x:
z=A""b

® Applications:

o Structural Engineering: Calculating displacements u in the
stiffness equation Ku = F where u = K ' F.

o Control Theory: Solving complex matrix equations, e.g., Lyapunov
or Sylvester equations.
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Solving Linear Systems
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Solving Linear Equations

® Problem:
3x1 4+ 2x2 = 18
z1 + 22 N A:[Z’) 2]7 b:FS]
—x1 + 229 = 2 -1 2 2
® The inverse of matrix A:
adj(A)

A—l

~ det(A)

® The solution to x:
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Solving Linear Equations

® Problem:

dx; — 8xa = —24 _ _
1 2 N A:[4 8}’ b:[ 24}
—x1 + 620 = 34
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Solving Linear Equations

Problem:

dx; — 8xa = —24 _ _
ey 7 e[
—x1 + 620 = 34

® Determinant:

det(A) =4 x 6 — (—8) x (—1) =24 —8 =16

Adjoint matrix:
. 6 8
adj(A) = L 4}

® |nverse of matrix:
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Solving Linear Equations

Problem:

dx; — 8xa = —24 _ _
ey 7 e[
—x1 + 620 = 34

® Determinant:

det(A) =4 x 6 — (—8) x (—1) =24 —8 =16

Adjoint matrix:
. 6 8
i) = 7]
® |nverse of matrix:

_1_adj(A)_ 6 8 _ 3
A ‘det(A)‘{lf —]‘{i

PN
—_

Solution:
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Quick Summary

Friday’s Class:
® What is the implication of singular matrix?
® The definition of inverse of matrix (e.g., 2 x 2 matrix)

® Use the inverse of matrix to solve linear systems
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