Applied Numerical Methods for Civil Engineering

CGN 3405 - 0002
Week 7: Nonlinear Equations
Xinyu Chen

Assistant Professor

University of Central Florida



Quizzes Now!

® Today’s participation (ungraded survey): Please check out
“Class Participation Quiz 13"
Time slot: 2:30PM — 3:00PM

on Canvas.
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Newton-Raphson Method
©00000000000000000

Learning Objectives

By the end of week, you will be able to:
® Derive the Newton-Raphson iteration formula from a Taylor series
® Apply the method to find roots of nonlinear equations
® Analyze the convergence behavior of the method
® |dentify situations where the method may fail

® |mplement the algorithm with Python programming
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Newton-Raphson Method
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Problem Statement

f(z)
A
® A nonlinear equation f(z) =0 4 flz)=2"-15
® Examples: 3 f(z) =2° B 1.5
) =12—15
o 22— 2=0 (Find £v2) f@) ==
o sin(z) = 0 (Find multiples 9
of )
o e~% —x =0 (Intersection of
functions) 1 i) s
xr)=x—1.
® Many engineering problems / g
reduce to finding roots! 9 g
-1
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Newton-Raphson Method
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Historical Development

The modern method is a synthesis of three major mathematical contributions:
® Isaac Newton (1669): Described method for polynomial equations
® Joseph Raphson (1690): Formalized the iterative process

® Thomas Simpson (1740): Generalized to calculus form using derivatives
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Newton-Raphson Method
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Derivation from Taylor Series

® Expand f(z) around x, using Taylor series:

f(@ni1) =f(zn)
+ f/(mn)(xn+1 - -Tn)
+ %(x'nﬂ»l - xn)z
(®)
+ fti(!xn)(xn+l - mn)t

t (k)

k=0
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Newton-Raphson Method
000@00000000000000

Derivation from Taylor Series

® Expand f(z) around x, using Taylor series:

f(@ni1) =f(zn)
+ f/(mn)(xn+1 - -Tn)
+ %(xnﬂ»l - mn)z
(®)
+ fti(!xn)(xn+l - mn)t
t gk
= 7]0 k('wn) ($n+1 - xn)k

k=0

® We want f(znt1) =0

® Only use the first-order approximation:

f@ni1) =0 = f(zn)+ f(n)(@ni1 —an) =0
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Newton-Raphson Method
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Newton-Raphson Iteration Formula

® Let the first-order approximation be 0:
f(zn) + f/(l’n)(xn-&-l —Tn) =0
® Rearrange the equation to solve for z,,+1:

fl(@n)(@ns1 — @n) = —f(an)

= Tng1 — Tp = 7;’((27;))
SR [

which is the Newton-Raphson iteration formula.
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Newton-Raphson Method
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Newton-Raphson Iteration Formula

Understanding the formula:

® 2z, Current estimate
® f(xn): Function value at current estimate

® f'(z,): Slope (first-order derivative) at current estimate

o JSl@n) .
F(@n)

Intuition: If f(x,) is large, we take a big step. If slope is steep, we take a
smaller step.

Correction term
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Newton-Raphson Method
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Newton-Raphson Method

® Choose initial point x¢ and tolerance ¢
® Setn=0
® Repeat until convergence (using while)

o Compute f(z,) and f'(x,)
o Calculate new estimate:

Tn+1 = Tn — f/(l'n)
o Check convergence: If ll"‘;rli:"“ < &, stop

o Setn=n+1
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Newton-Raphson Method
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Stopping Criteria

Three common stopping criteria:

® Absolute error
|Znt1 — 20| <€

® Relative error

|Znir —an| _
|Zn41]
® Residual
|f(@nt1)] <€

assume f(z) = 0 for some x

In practice, use a combination for robustness
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Newton-Raphson Method
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Stopping Criteria

Always include a maximum iteration limit to prevent infinite loops

iter = 0
max_iter = 100
while error > tol and iter < max_iter:
# Newton-Raphson iteration formula
iter += 1
if iter >= max_iter:
print ('Warning: Maximum iterations reached')

N o oA W N
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Newton-Raphson Method
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Intuitive Understanding of Newton-Raphson Method

Given the starting point z,, for finding the root of the equation f(z) =0
® Locate the point on the curve at this guess: (zn, f(zn))
® Draw the tangent line to the curve at this point

® Observe where this tangent line crosses the z-axis: (z,+1,0)

f(@)

f(@n)

J(@nt1)
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Intuitive Understanding of Newton-Raphson Method
Slope f'(z,):

® Derivative of function f(z) evaluated at z,

® Definition of the slope of a line:

changeiny _ Ay _ 0= f(zn)

slope = - =
change in = Az Tnil — Tn

(@n; f(z0))

f(Tnt1)
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Newton-Raphson Method
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Intuitive Understanding of Newton-Raphson Method

We start with the equation:

—f(zn)

Tn4+1 — Tn

f(an) =

1. Multiply both sides by (zn4+1 — n):
f/(mn) : (anrl - xn) = 7f(xn)

2. Divide both sides by f'(z,):

o fa)
Tn+1 ITn = f/ (ZL‘n)
3. Add z, to both sides to isolate zy41:
o faw)
Tn+1 = Tn f/(l'n)
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Newton-Raphson Method
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Intuitive Understanding of Newton-Raphson Method

How about slope f’(zn+41)7?

0 — f(zn+1)

Tn+2 — Tn+1

f(@ng1) =

(@n, f(20))

f(Tnt1)
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Newton-Raphson Method
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Intuitive Understanding of Newton-Raphson Method

How about slope f'(zn+1)?

0 — f(zn+1)
In+2 — Tn+1

f(@ns1) =

1. Multiply both sides by (zn4+2 — Znt1):
F(@nt1) - (Tngz = Tag1) = —f(Tnt1)

2. Divide both sides by f'(zn+1):

x
Tnis — Tmit = _M
(Tnt1)
3. Add z,41 to both sides to isolate =y 2:
f(lTnJrl)
X 2 =X 1 — —F5
n-+ n+ f/(fL'n+1)
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Newton-Raphson Method
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Solving 22 —2 =0

Given initial point o = 1.5, solve 22—-2=0

® Function f(z) = 2% — 2

® Derivative f'(z) = 2z

® Newton-Raphson iteration formula:
f(zn) T, -2 xp 1
fla) "

ITn4+1l = Tn —

Il
3

o
8
3

|
o
8
3
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Newton-Raphson Method
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Solving 22 —2 =0

Given initial point o = 1.5, solve 22—-2=0
® Function f(z) = 2% — 2
® Derivative f'(z) = 2z
® Newton-Raphson iteration formula:

f(xn) T’i -2 Tn 1
Tn+1l = Tn — - A -
fr(@n)

=Tn — =

2%n 2 T

® Newton-Raphson method:

1
o First iteration: 1 = -2 + — — 1.416666667
2 Xo 1
o Second iteration: zo = ?1 + = 1.414215686
1
o Third iteration: x5 — 2 + L — 1.414213562
2 le

o Fourth iteration: x4 = =2 4+ — — 1.414213562

2
Converges to v/2 = 1.414213562 in just 3 iterations!
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Newton-Raphson Method
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Solving 22 —2 =0

1 def newton_raphson_sqrt2(x0, tol=1e-9, max_iter=100):
2 n =0

3 xn = x0

4 while n < max_iter:

5 # Calculate f(xn) and f'(xn)

6 fx = xn**x2 - 2

7 f_prime = 2 * xn

8 # Newton-Raphson Formula

9 x_next = xn - (fx / f_prime)

10 # Calculate Relative Error

11 error = abs(x_next - xn) / abs(x_next)
12 # Check Convergence

13 if error < tol:

14 return x_next

15 Xn = x_next

16 n += 1

17 return xn

18

19 # Run with initial point x0 = 1.5

20 root = newton_raphson_sqrt2(1.5)
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Newton-Raphson Method
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Quick Summary

Monday’s Class:
® Newton-Raphson iteration formula: Derivation from Taylor series
® |ntuitive understanding of Newton-Raphson method

® Solve the nonlinear equation 22 — 2 =0
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Newton-Raphson Method
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Quizzes Now!

® Today’s participation (ungraded survey): Please check out
“Class Participation Quiz 14"
Time slot: 2:30PM — 3:00PM

on Canvas.
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Application
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Solving 23 —20 =0

How to solve f(z) = 2® — 20 = 0 by Newton-Raphson method?

® First-order Taylor series approximation:

f(@ns1) = flen) + f(@n)( @ns1 —n)
——

unknown?

® | et both sides be zero while x,,+1 is unknown:
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Application
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Solving 23 —20 =0

How to solve f(z) = 2® — 20 = 0 by Newton-Raphson method?

® First-order Taylor series approximation:

f(@ns1) = flen) + f(@n)( @ns1 —n)
——

unknown?

® | et both sides be zero while x,,+1 is unknown:

f(@n) + f'(@n)(@nt1 — 20) =0
F/(@n) (@1 — ) = —f(zn)

Tn+l1l — Tn = _';iii:;g
o f(za)
TS )

which is the Newton-Raphson iteration formula at iteration n

® |nitial point o =3
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Solving 23 —20 =0

How to solve f(x) =z — 20 = 0 by Newton-Raphson method?
® Derivative f'(z) = 32°

® Newton-Raphson iteration formula:

3
Tpntl = Tn — ff/((iz)) =z, — zngx%QO
® |nitial point o =3
® First iteration:
o1 = 20 zd — 20
3x2
3% — 20
BT
32220 3 T o om

27 27
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(o] Jelele]
Solving 23 —20 =0

How to solve f(x) =z — 20 = 0 by Newton-Raphson method?
® Derivative f'(z) = 32°

® Newton-Raphson iteration formula:

3
Tpntl = Tn — ff/((iz)) =z, — zngx%QO
® |nitial point o =3
® First iteration:
o1 = 20 zd — 20
3x2
3% — 20
BT
32220 3 T o om

27 27

® Relative error:
_|mr —xo|  |2.74074 — 3]
Tz |2.74074)

€1 = 9.46%
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Solving 23 —20 =0

How to solve f(x) =z — 20 = 0 by Newton-Raphson method?
® Derivative f'(z) = 327

® Newton-Raphson iteration formula:

Tn s — 20
® Starting point z; = 2.74074
® Second iteration:
3 —20
2= 32
2.740743 — 20
= 2.74074 — 3 X 274074

= 2.74074 — 0.02607 = 2.71467

® Relative error:
Jwe — @] |2.71467 — 2.74074]

- = 0.96Y
2] [2.71467] ’

£2
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Solving 23 —20 =0

How to solve f(x) =z — 20 = 0 by Newton-Raphson method?
® Derivative f'(z) = 327

® Newton-Raphson iteration formula:

Tn s — 20
® Starting point zo = 2.71467
® Third iteration:
s = g — x5 —20
32
2.714673 — 20
= 2167 = 5 e

= 2.71467 — 0.00025 = 2.71442

® Relative error:
|ws —@a| | [2.71442 — 2.71467)

- = 0.0099
|23 2.71442] ¢

€3
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Application
0000@

Solving 23 —20 =0

1 def newton_raphson_x_cubic(x0, tol=1e-9, max_iter=100):
2 n =0

3 xn = x0

4 while n < max_iter:

5 # Calculate f(xn) and f'(xn)
6 fx = xn**x3 - 20

7 f_prime = 3 * xn*%*2

8 # Newton-Raphson Formula

9 x_next = xn - (fx / f_prime)
10 # Calculate Relative Error
11 error = abs(x_next - xn) / abs(x_next)
12 print (x_next)

13 print (error * 100)

14 print ()

15 # Check Convergence

16 if error < tol:

17 return x_next

18 Xn = x_next

19 n += 1

20 return xn

21

22 X = newton_raphson_x_cubic (3)
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Convergence
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Quadratic Convergence

® Newton-Raphson iteration formula:

Tn+l1 = Tn —

® Let the root of f(z) =0 be z* (actual root)
® Add —z* to both sides:

. _ « _ f(zn)
Tnpr — & =T — 2 —
—_—— ~—— fmn

~

residual €4, 1 residual €,
i f(2n)
En+1 = En —
n+1 n f/(xn)

with residual
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Convergence
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Quadratic Convergence (Optional)

® Expand f(b) around a using a second-order Taylor polynomial:

£8) = £(a) + F @0~ a)+ L~ ay?

for some 3 between a and b.

® Expand f(z*) around starting point x, (defining residual &,, = z, — x):
Fa) = Fan) + ) (@ — o) + 700 @0

——— !

= —¢en — g2
n

2

— )

where 3 is some value between z* and z,.
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Convergence
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Quadratic Convergence (Optional)

® Expand f(b) around a using a second-order Taylor polynomial:

"B 2
fz(! Jo-a)

f®) = f(a) + f'(a)(b—a) +

for some 3 between a and b.
® Expand f(z*) around starting point x, (defining residual &,, = z, — x):
Fa) = Fan) + ) (@ =) 4700 @ ?
——— D oe——

= —¢en — g2
n

where 3 is some value between z* and z,.

® Since f(z*) =0 and &, = x,, — x*, we have

0= f(ea) ~ fe)en + 02
@), 1) i) _ 1)
T 0T P T @ T T Pl 2
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Convergence
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Quadratic Convergence (Optional)

® Recall that
En =Tn — "
f(zn)
En+1 En f’(ibn)
we have
" 1
oS SB) . LB
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Convergence
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Quadratic Convergence

® Quadratic convergence established!

_ "B |
‘E'rﬂ»ll - 2f/(xn) En
As x, approaches z*, the term %’ approaches a constant C'
® Asymptotic error constant:
C _ f//(x*)
2f"(z*)

o C determines the speed of convergence
o Small C implies faster convergence
o If f”"(z*) = 0, convergence can be even faster

® The order of convergence is 2:

lent1]| = C - €2
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Convergence
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Quadratic Convergence

® Asymptotic error constant:

o= |5
f'(@)
> fensal _ | |
5n+1 xn+1 — X
~C-e2 = = ~C
len+1] € PE P
® Example:
fl@)=a%-2
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Convergence
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Quadratic Convergence

® Asymptotic error constant:

o-| 1)
f'(@)
> fensal _ | '
n ~C . 2 = En+41 :xn+l_x ~C
[enta] n len]? |xn — x*|?
® Example:
fla) =2 -2
o Find the root f(z) =0 = z*=+2
o Since f'(x) = 2z, we have f'(2*) = 2v/2
o Since f(z) =2, we have f"(z*) =2
o As a result, we have

2
—— |~ 0.3535
’4\@‘
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Convergence
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Rate of Convergence

Linear convergence

|[Znt1 — Too|

o 2 <r,re(0,1)

Sequence z,, = 1 + (4)"
converges linearly to

Too =1 because r = 1
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Convergence
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Rate of Convergence

Linear convergence Superlinear convergence

7‘26"“ ~ oo <r re(0,1) lim [Znt1 = Too| =0

|:En — Too n—o0 ‘l’n — xoo'

1.4 14
IS g
8 1.2 8 1.2
1 1
2 4 6 8 2 4 6 8
n n
Sequence z,, = 1 + (4)" Sequence z,, = 1 + ()"
converges linearly to converges superlinearly to
xwzlbecauser:% Too = 1
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Convergence
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Rate of Convergence

Linear convergence Superlinear convergence convergence
[Bnor = @eel e 01) g 1@l [ent1 = 2o
|Tr — Too n-sco |Tp — Too |Tn — Too|?
1.4 1.4 1.4
IS
§ 1.2 § 12 £ 1.2
1 1 1
2 4 6 8 2 4 6 8 2 4 6 8
n n n
Sequence z,, = 1 + (4)" Sequence z, = 1 + ()" Sequence
converges linearly to converges superlinearly to converges to
Too = 1 because r = % Too =1 Too = 1 because M =1
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Rate of Convergence

Linear convergence Superlinear convergence convergence
‘m"+1 _ -Tool < r,re (0’ 1) lim |xn+1 - l'ool =0 |J;’ﬂ+1 — xoo| < M
|Tn — Too n—oo  |Tn — Tool |Tn — Too|?
1.4 \ 1.4 1.4
IS
£ 1.2 § 12 £ 1.2
1 1 1
2 4 6 8 2 4 6 8 2 4 6 8
n n n
Sequence z,, = 1 + (4)" Sequence z, = 1 + ()" Sequence
converges linearly to converges superlinearly to converges to
Too =1 because r = 1 Too = 1 Zoo = 1 because M =1
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Quick Summary

Wednesday’s Class:
® Solve f(z) = #® — 20 = 0 by Newton-Raphson method
® Describe the quadratic convergence of Newton-Raphson method
o Newton-Raphson iteration formula for residual &,

Ent+1 = En — f’(ﬁ? )
n

o Second-order Taylor polynomial

£ = Flae) + e @ —m) + 1) @ a2
—— —_— —_—

= =— —2
0 En =€n

® Comparison among linear, superlinear, and quadratic convergence
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Quizzes Now!

® Today’s participation (ungraded survey): Please check out
“Class Participation Quiz 15"
Time slot: 2:30PM — 3:00PM

on Canvas.
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Rate of Convergence

A sequence {x,} converges to x* if:
lim |z, —2"|=0

n—r00

® Rate of convergence describes how fast the sequence approaches z*

43/63



Convergence
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Rate of Convergence

® |et
*
En =Tn — X

be the residual at iteration n

Iteration (n) ‘ Linear (¢,+1 = 0.5¢,)  Quadratic (e,4+1 = €2)

0 0.1 0.1
1 0.05 0.01
2 0.025 0.0001
3 0.0125 1078
4 0.00625 1016

Quadratic convergence: Digits double each iteration!
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Drawbacks
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Divergence

@ Divergence at inflection points:

® Newton-Raphson iteration formula:
f(zn)
S (@n)

correction term

In4+l = Tn —

e Critical requirement: f'(x,) # 0
® When f'(z,) =~ 07

o Small denominator — very correction term
o Next point z,+1 may be far from current point
o May lead to divergence
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Divergence

Problem statement: Find the root of f(z) = (x — 1)*> +0.512 = 0
® Root: Solve (z —1)*> = —0.512
r—1=+v0512=-08 = x=02

® First-order derivative: f'(z) = 3(z — 1)?
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Divergence

Problem statement: Find the root of f(z) = (x — 1)*> +0.512 = 0
® Root: Solve (z —1)*> = —0.512

r—1=4v0512=-08 = 2=02

® First-order derivative: f'(z) = 3(z — 1)?
® Infection point: At x = 1, we have f'(1) =0

f(=z)

A

0.512
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Divergence
Problem statement: Find the root of f(z) = (x — 1)*> +0.512 = 0

® Starting with o =5

® Newton-Raphson iteration formula:

Tn+1 = Tn —

® First 5 iterations:

Iteration (n) |  an

0 5.0000
1 3.6560
2 2.7465
3 2.1084
4
5

1.6000
0.92589
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Drawbacks
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Divergence
Iteration (n) | Tn
4 1.6000
5 0.92589
6 —30.119
7 —19.746
8 —12.831
9 —8.2217
10 —5.1498
11 —3.1044
12 —1.7464
13 —0.85356
14 —0.28538
15 0.039784
16 0.17475
17 0.19924
18 0.2

Observation: Progressively moving toward the inflection point at z = 1
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Divergence

Divergence near an inflection point (z = 1)

® Starting with g =5

10 T T T

56 Divergence Convergence)
n=>5 z = 0.2 (root)

Tn

n==~6

A R R N N IR N N S A
012 3456 7 8 91011121314 1516 17 18

Iteration (n)
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Drawbacks
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Divergence

1 def func(x0, tol=1e-9, max_iter=100):
2 n =0

3 xn = x0

4 while n < max_iter:

5 fx = (xn - 1) ** 3 + 0.512

6 f_prime = 3 * (xn - 1) *x 2
7 x_next = xn - (fx / f_prime)
8 error = abs(x_next - xn) / abs(x_next)
9 print (n)

10 print (x_next)

1 print (error * 100)

12 print ()

13 # Check Convergence

14 if error < tol:

15 return x_next

16 Xn = x_next

17 n += 1

18 return xn
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Drawbacks
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Division

® Division by zero and near-zero derivatives:

® Newton-Raphson iteration formula:

P I P ()

® If f'(z,) =0, cannot compute next iterate

® Even when division by zero is avoided, near-zero derivatives can cause
serious convergence problems!

® Example: Find the root of f(z) = (z — 1)* +0.512 = 0, starting with
zo = 1.001

1 x = func(1.001)
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Drawbacks
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Oscillation

® Oscillations near local extrema:

® Newton-Raphson iteration formula:

T+l = Tn —
® Problem: When starting near a local extrema, the method may:

o Oscillate between two points (an infinite cycle)
o Never converge to a root
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Drawbacks
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Oscillation

Problem statement: Find the root of f(z) =2® —52 =0
® Roots: = = 0,4++/5 ~ 2.236
® First-order derivative: f'(x) =3z® —5

¢ [nfection point: At x = £,/5/3 ~ £1.291
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Drawbacks
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Oscillation

Problem statement: Find the root of f(z) =2® — 52 =0

® Starting with zo = 1:

o f(wo) = —4
o f'(wo) = -2
f (o)
=x9 — =1-2=-1
S IE
® Now at ;1 = —1:
o f(z1)=4
o fl(z1) = -2
f(#1)
=z — =-142=1
PN T Py T T
The method alternates between x = 1 and z = —1 indefinitely
Remarks:

® Oscillation occurs when starting near local extrema
® The method may never converge to any root
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Oscillation

************************************************ Inflection point ~ 1.291

A A A A A
NAVARVANANVAMVA

ffffffffffffffffffffffffffffffffffffffffffffffff Inflection point ~ —1.291

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, —V/5 ~ —2.236
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Drawbacks
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Initialization

® Sensitive to initial points:
® Finding the roots of f(z) = 2® —22%> — 1124+ 12 =0

® 5 initial points xo with marginal difference

Initial point zo ‘ Result x*

2.352875270 converges to 4
2.352841720
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Drawbacks
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Initialization

® Sensitive to initial points:
® Finding the roots of f(z) = 2® —22%> — 1124+ 12 =0

® 5 initial points xo with marginal difference

Initial point zo ‘ Result x*

2.352875270 converges to 4
2.352841720 converges to —3
2.352837350 converges to 4
2.352836327 converges to —3
2.352836323 converges to 1
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Linear Convergence

® Converge only in linear time:
® Example: Finding the root of f(z) = 2> =0

o First-order derivative: f'(x) = 2z
o Second-order derivative: f”(z) =2

® Newton-Raphson iteration formula:

2
T+l = Tn f(mn) = Tn — Tn = ml

eS)
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Drawbacks
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Linear Convergence

® Converge only in linear time:
® Example: Finding the root of f(z) = 2> =0

o First-order derivative: f'(x) = 2z
o Second-order derivative: f”(z) =2

® Newton-Raphson iteration formula:

Tnt1l = Tn — =, — — ==
n+1 n f/(l'n) n 2$n 2
X Quadratic convergence:
—z* 2 1
lim [Znt1 = 27 = li Zn/ = lim — =00 (unbounded)
n—oo |, — x*|? n—oo T2 n—oo 2Tn
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Drawbacks
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Linear Convergence

® Converge only in linear time:
® Example: Finding the root of f(z) = 2> =0

o First-order derivative: f'(x) = 2z
o Second-order derivative: f”(z) =2

® Newton-Raphson iteration formula:

x =Zn — =Tn— 5— = —
n+1 n f/(l'n) n 2$n 2
X Quadratic convergence:
-z 2 1
lim [Znt1 = 27 = lim Zn/ = lim — =00 (unbounded)
n— oo |.’L’n - .’L’*|2 n— oo :c% n— oo 2$n
v Linear convergence:
lim [Zn41 — 2| lim /2 1
n— 00 |]}n _ J}*| n—oo In 2

61/63



Drawbacks
000000000000000

Rate of Convergence

Linear convergence

|[Znt1 — Too|

< 1
To— <r,re(0,1)
1|\
IS
8 1.2
1

n
Sequence x, = 1+ (1)
converges linearly to
Too =1 because r = 1

convergence

‘xn+1 - xoo| <M
|xn - il5<><>|2

1.4

Sequence
converges to
Too = 1 because M =1
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Quick Summary

Friday’s Class:
® Divergence at inflection points
® Division by zero and near-zero derivatives
® Oscillations near local extrema
® Sensitive to initial points
® Linear convergence (special case such as 2% = 0)

Newton-Raphson method is powerful but also has drawbacks, please monitor
its behavior.
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